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1 Introduction

Coarse geometry is the central subject of this thesis. This is the study of coarse spaces, i.e. spaces
with a large-scale geometric structure. For example, we can turn a metric space into a coarse space
by forgetting the fine-scale geometry. The main aim of this thesis is to develop rigidity in the
setting of coarse geometry.

This thesis contains a wide range of original results. We prove combinatorial results about graph
sequences with geometric property (T). We give an in-depth study of geometric property (T) for
non-discrete spaces. We develop property (T) for bornological groups and give various applications.
We make an important starting point for the study of amenability for bornological groups. We also
give new criteria for when a sequence of graphs can be embedded into a Hilbert space.

We will now give a more detailed overview of the chapters of this thesis. In Chapter 2 we recall
the background required for the results in the subsequent chapters. That chapter contains no new
results.

Chapters 3 and 4 are concerned with geometric property (T). This was introduced in [57] as
a property for uniformly locally finite coarse spaces. In Chapter 3, which is based on my paper
[55], we consider combinatorial properties that are shared by all sequences of graphs with geometric
property (T). In particular, we show that such a sequence of graphs always contains a large amount
of small cycles. Furthermore, we show that every expander sequence which is a small perturbation
of a sequence with geometric property (T) also has geometric property (T).

In Chapter 4, which is based on my paper [54], we develop geometric property (T) for non-
discrete spaces, i.e. spaces which need not be locally finite. It turns out that the definition of
geometric property (T) for this class of spaces is surprisingly technical, as we first need to construct
a measure on the space with desirable properties, and we also need to show that the definition
is independent of this measure. We prove various results about geometric property (T) in this
setting. One particularly important result is invariance under coarse equivalence. The theory
developed in this chapter allows geometric property (T) to be studied much more widely than
before. In particular we consider geometric property (T) for (sequences of) Riemannian manifolds
and for warped cones.

In Chapter 5, which is based on the joint preprint [51] with Romain Tessera, we develop Kazh-
dan’s property (T) in the context of coarse geometry. We define property (T) for bornological
groups, i.e. groups with a left-invariant coarse structure. We show that this generalises the classical
definition of property (T) for locally compact groups. We derive numerous consequences, such as
the fact that property (T) is open in the marked group topology, and that property (T) holds for
any compactly generated locally compact group where every affine action on a Hilbert space has
almost invariant vectors. These results continue to hold in the more general setting of actions on
uniformly convex Banach spaces. We also prove a version of Serre’s theorem about the stability of
property (T) under central extensions. We introduce the bounded product of a sequence of groups
and investigate when it has property (T) as a bornological group and as a topological group. Many
results in this chapter depend on finding a suitable notion of the centre of a bounded set in a
(Hilbert) space.

In Chapter 6 we use a similar technique to prove a result about amenable groups acting on
measure spaces. We show that under a mild condition, every measure-preserving action of an
amenable locally compact group on a finitely-additive measure space admits an invariant mean.
This is significant because it gives a characterisation of amenability that does not depend on the
Haar measure of the group. In particular this result could potentially be used to introduce a notion
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of amenability for bornological groups. This could be a fruitful direction for future work.
The last two chapters of this thesis contain partial results on an unfinished, challenging project.

The aim of this project was to find a sequence of graphs with uniformly bounded degree which
allows a coarse embedding into some ℓp-space but not a Hilbert space. This is a fundamental
open question in the field (see e.g. [2]). As shown in [50], such a sequence necessarily contains a
generalised expander. In Chapter 7 we study these generalised expanders in detail. We introduce
ρ-expanders and we show that their covers cannot be coarsely embedded into a Hilbert space. It
may be possible to generate ρ-expanders whose covers can be coarsely embedded into an ℓp-space
using random graph methods. This would require a model of a random graph embedded in a
higher-dimensional torus.

In Chapter 8 we develop one possible method to generate random graphs embedded in a man-
ifold. Since it is difficult to analyse the behaviour of random graphs embedded in a torus, the
problem of finding sequences of graphs with uniformly bounded degree which embed into an ℓp-
space but not into a Hilbert space remains open. However, Chapter 8 contains results about random
graphs embedded in Rm which are of independent interest.

Chapter 2 contains no new results. Chapter 5 is based on the preprint [51], which is joint work
with Romain Tessera. Large parts of this paper are reproduced verbatim. All other results in
this thesis are my own. Chapter 3 is based on the paper [55] and large parts of it are reproduced
verbatim. Chapter 4 is based on the paper [54] and large parts of it are reproduced verbatim. The
results in Chapters 6, 7 and 8 appear for the first time in this thesis.
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2 Preliminaries

In this chapter we introduce the background that is used in the subsequent chapters of this thesis.
This chapter contains no new results.

2.1 Coarse geometry

2.1.1 Coarse spaces

Coarse geometry is a central topic in this thesis. It is the study of coarse spaces. These are spaces
equipped with a “large-scale” geometric structure. They were introduced in [23]. We take most
results in this section from [44]. We start with the definition and then we will give some motivation
and examples. In what follows, we use the following notation: for any setX and a subset E ⊆ X×X
we denote

E−1 = {(x, y) | (y, x) ∈ E}.

For subsets E,F ⊆ X ×X we denote

E ◦ F = {(x, z) ∈ X ×X | there is y ∈ X such that (x, y) ∈ E and (y, z) ∈ F}.

Definition 2.1.1. Let X be a set. A coarse structure on X is a subset E ⊆ P(X ×X) satisfying
the following conditions:

(i) the diagonal {(x, x) | x ∈ X} is an element of E ;

(ii) for F ∈ E and E ⊆ F we have E ∈ E ;

(iii) for E ∈ E we have E−1 ∈ E ;

(iv) for E,F ∈ E we have E ∪ F ∈ E ;

(v) for E,F ∈ E we have E ◦ F ∈ E .

A set equipped with a coarse structure is called a coarse space. Instead of writing E ∈ E , we may
write “E is a controlled set” if the coarse structure E is clear from the context.

Note that ◦ is an associative operation: for E,F,G ⊆ X×X we have (E ◦F )◦G = E ◦(F ◦G) =
{(x,w) | there are y, z ∈ X such that (x, y) ∈ E, (y, z) ∈ F, (z, w) ∈ G}. Thus we may write this
simply as E ◦ F ◦G.

Example 2.1.2. Every set X can be equipped with a trivial coarse structure which consists of all
subsets of the diagonal. We can also equip X with the coarse structure containing all subsets of
X ×X.

Many important examples come from metric spaces. Consider a set X with a metric d : X×X →
R≥0 ∪ {∞}. Note that for us, a metric is allowed to take infinity as a value. This induces a coarse
structure Ed, given by

Ed = {E ⊆ P(X ×X) | sup{d(x, y) | (x, y) ∈ E} <∞}.
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It is easy to see that this is indeed a coarse structure; for example, to check condition (v) from the
definition, suppose that E and F are controlled. Then for all (a, c) ∈ E ◦ F there is b ∈ X with
(a, b) ∈ E and (b, c) ∈ F , thus d(a, c) ≤ d(a, b) + d(b, c) ≤ sup{d(x, y) | (x, y) ∈ E} + sup{d(x, y) |
(x, y) ∈ F}. Thus sup{d(x, y) | (x, y) ∈ E ◦ F} ≤ sup{d(x, y) | (x, y) ∈ E} + sup{d(x, y) | (x, y) ∈
F} <∞, and therefore E ◦ F is also controlled.

We can think of controlled sets as sets whose elements are within a bounded distance from the
diagonal.

For any metric d, we can define a new metric d̃ by

d̃(x, y) =

{
0 if x = y;

max(1, d(x, y)) else.

Then for any subset E ⊆ X ×X that is not contained in the diagonal, we see that

sup{d̃(x, y) | (x, y) ∈ E} = max(1, sup{d(x, y) | (x, y) ∈ E}).

So we see that the coarse structures Ed and Ed̃ coincide.

The metric d̃ forgets all ‘small-scale’ structure of the space; indeed, different points are always
at distance at least 1 now, so there can be no notion of convergence, for example. On the other
hand, the large-scale structure of the space is maintained. We still have a notion of bounded sets.

Definition 2.1.3. Let (X, E) be a coarse space. A subset C ⊆ X is called bounded if C × C is a
controlled set.

Now it is easy to see that for a metric space (X, d), a subset C is bounded for Ed exactly when
it has a bounded diameter.

The intersection of a family of coarse structures is again a coarse structure. Thus we can make
the following definition.

Definition 2.1.4. Let X be a set and let E ′ ⊆ P(X × X). The coarse structure generated by
E ′ is the smallest coarse structure containing E ′. It equals the intersection of all coarse structures
containing E ′.

A coarse structure E is countably generated if there is a countable subset of P(X × X) that
generates it.

Many, but not all coarse spaces come from metric spaces. The following result and proof have
been taken from [44, Theorem 2.55].

Proposition 2.1.5. A coarse space (X, E) is countably generated if and only if there is a metric d
on X (possibly taking infinity as a value) such that E = Ed.

Proof. Suppose E = Ed. For r ∈ N let En be the controlled set {(x, y) ∈ X × X | d(x, y) ≤ n}.
Then the En generate the coarse structure E since each controlled set is contained in one of the En.

Conversely, suppose that E1, E2, . . . generate E . Define recursively F0 to be the diagonal and

Fn = (Fn−1 ◦ Fn−1) ∪ En ∪ E−1
n

for n ≥ 1. Note that all Fn are symmetric and controlled, they contain the diagonal and Fn−1 ⊆ Fn.
Now let d(x, y) = inf{n | (x, y) ∈ Fn}. This is infinite if (x, y) ̸∈

⋃
n Fn and 0 if and only if

x = y. Since the Fn are symmetric, d is symmetric. We show that d satisfies the triangle inequality.
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Let x, y, z ∈ X be distinct elements and suppose (x, y) ∈ Fk and (y, z) ∈ Fl. Then (x, z) ∈ Fk ◦Fl ⊆
Fmax(k,l) ◦ Fmax(k,l) ⊆ Fmax(k,l)+1. Thus d(x, z) ≤ max(d(x, y), d(y, z)) + 1 ≤ d(x, y) + d(y, z). This
shows that d is a metric.

Now we show that E = Ed. First note that all Fn are in E by construction. Any E ∈ Ed is a
subset of Fn where n = sup{d(x, y) | (x, y) ∈ E}, so Ed ⊆ E . Moreover, all En are contained in Ed,
since sup{d(x, y) | (x, y) ∈ En} ≤ n. So Ed is a coarse structure containing all En, showing that
Ed ⊇ E .

The primary reason to consider coarse spaces, rather than metric spaces, is that there is more
flexibility in the morphisms between coarse spaces. A morphism between coarse spaces is called a
controlled map (in [44] this is called a bornologous map).

Definition 2.1.6. Let (X, E) and (Y,F) be coarse spaces. A function f : X → Y is called controlled
if for all E ∈ E we have

f∗(E) = {(f(x), f(x′)) | (x, x′) ∈ E} ∈ F .

For later reference we show what this concept means for functions between metric spaces.

Proposition 2.1.7. Let (X, d) and (Y, d′) be metric spaces. Equip X and Y with the corresponding
coarse structures Ed and Ed′ . Then a function f : X → Y is controlled if and only if there is a
function ρ : R≥0 → R≥0 such that whenever d(x, x′) ≤ r <∞ we have d′(f(x), f(x′)) ≤ ρ(r).

Proof. Suppose f is controlled. For r ≥ 0 let Er = {(x, x′) ∈ X × X | d(x, x′) ≤ r}. This is a
controlled set for X, so f∗(Er) is also controlled. Let ρ(r) = sup{d′(y, y′) | (y, y′) ∈ f∗(Er)}. Then
for x, x′ ∈ X with d(x, x′) ≤ r we have (x, x′) ∈ Er so (f(x), f(x′)) ∈ f∗(Er), so d

′(f(x), f(x′)) ≤
ρ(r).

Conversely suppose that a suitable ρ exists. Let E ⊆ X × X be a controlled set. Let r =
sup{d(x, x′) | (x, x′) ∈ E} < ∞. Then for all (x, x′) ∈ E we have d′(f(x), f(x′)) ≤ ρ(r). Thus
sup{d′(y, y′) | (y, y′) ∈ f∗(E)} ≤ ρ(r), which shows that f∗(E) is controlled, so f is controlled.

We see that controlled maps are quite flexible, when compared for example with isometries or
with Lipschitz functions.

2.1.2 Coarse equivalences

Next we will consider coarse equivalences.

Definition 2.1.8. Let (X, E) and (Y,F) be coarse spaces. A map f : X → Y is a coarse equivalence
if f is controlled and there is a controlled map g : Y → X such that

{(g ◦ f(x), x) | x ∈ X} ∈ E

and
{f ◦ g(y), y) | y ∈ Y } ∈ F .

We say that (X, E) and (Y,F) are coarsely equivalent if such a map exists.

Example 2.1.9. Let X = Zn and Y = Rn, with the coarse structures induced from the Euclidean
metric. Then the embedding f : Zn → Rn is a coarse equivalence. We may take g to be the function
g(x1, . . . , xn) = (⌊x1⌋, . . . , ⌊xn⌋).
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While coarse equivalences are quite flexible, there are still many interesting properties that are
invariant under coarse equivalences. We will see examples of this later in Section 2.4.

A subset Y of a coarse space (X, E) has an induced coarse structure {E ∩ (Y × Y ) | E ∈ E}.
An easy way to create coarsely equivalent spaces is to take a coarsely dense subset, equipped with
this induced coarse structure.

Definition 2.1.10. Let (X, E) be a coarse space and let Y ⊆ X. We say Y is coarsely dense if
there is a controlled set E ∈ E such that for all x ∈ X there is y ∈ Y with (x, y) ∈ E.

Lemma 2.1.11. Let (X, E) be a coarse space and Y ⊆ X a coarsely dense subspace. Equip Y with
the induced coarse structure F . Then the embedding i : Y ↪→ X is a coarse equivalence.

Proof. It is clear that i is a controlled map. Let E ∈ E such that for all x ∈ X there is y ∈ Y with
(x, y) ∈ E. For all x ∈ X we choose g(x) ∈ Y with (x, g(x)) ∈ E.

We show that g is controlled. Let F ∈ E and (x, x′) ∈ F . Then (g(x), x) ∈ E−1, (x, x′) ∈ F and
(x′, g(x′)) ∈ E. Therefore (g(x), g(x′)) ∈ E−1 ◦F ◦E. Thus we have g∗(F ) ⊆ E−1 ◦F ◦E, showing
that g is controlled.

Now {(x, i(g(x)) | x ∈ X} ⊆ E is controlled, and {y, g(i(y)) | y ∈ Y } ⊆ E∩(Y ×Y ) is controlled,
so i is a coarse equivalence.

Moreover, every coarse equivalence can be built up out of two coarse equivalences of this form
and a coarse isomorphism (i.e. a bijection between coarse spaces that preserves the coarse structure).
This is convenient because coarsely dense subspaces are easier to understand than the general case
of coarse equivalence.

Proposition 2.1.12 ([58], Lemma 4.1). Let (X, E) and (Y,F) be coarse spaces and f : X → Y be a
coarse equivalence. Then there are a coarsely dense X ′ ⊆ X, a coarsely dense Y ′ ⊆ Y , with induced
coarse structures E ′ and F ′ respectively, and a bijection h : X ′ → Y ′ satisfying h∗(E ′) = F ′.

Proof. Let g be as in Definition 2.1.8. Let X ′ be the image of g. This is coarsely dense in X because
the set {(x, g(f(x)) | x ∈ X} is controlled. For each x ∈ X ′ choose h(x) ∈ Y with g(h(x)) = x.
This defines an injection from X ′ to Y . Let Y ′ be its image. The set F1 = {(y, f(g(y)) | y ∈ Y }
is controlled and so is its subset F2 = {(h(g(y)), f(g(h(g(y))))) | y ∈ Y }. We have f(g(h(g(y)))) =
f(g(y)). So the set {(y, h(g(y))) | y ∈ Y } is contained in the composition F1 ◦F−1

2 and is controlled.
So Y ′ is coarsely dense in Y .

Now we need to show that h and its inverse are controlled. We have {(h(x), f(x)) | x ∈
X ′} = {(h(g(y)), f(g(y)) | y ∈ Y } = F2 which is controlled. Then for any E ∈ E ′ we have
h∗(E) ⊆ F2 ◦ f∗(E) ◦ F−1

2 , showing that h is controlled.
The inverse of h is also controlled, since it is a restriction of g. So h is a coarse isomorphism

between (X ′, E ′) and (Y ′,F ′).

2.1.3 Bornological groups

To study groups from the perspective of coarse geometry, it is suitable to define a bornology on the
group.

Definition 2.1.13. Let G be a group. A bornology is a subset B ⊆ P (G) satisfying the following
conditions:

(i) For each g ∈ G we have {g} ∈ B.

10



(ii) For A ∈ B and B ⊆ A we have B ∈ B.

(iii) For A ∈ B we have A−1 = {a−1 | a ∈ A} ∈ B.

(iv) For A,B ∈ B we have A ∪B ∈ B.

(v) For A,B ∈ B we have A ·B = {ab | a ∈ A, b ∈ B} ∈ B.

Instead of writing A ∈ B we may write A is bounded if the bornology is clear from the context. A
bornological group is a group equipped with a bornology.

Example 2.1.14. For any group G we can define the discrete bornology which consists of all finite
subsets of G, and the trivial bornology B = P(G) for which every subset of G is bounded.

Bornologies are closely related to coarse structures. Any bornological group (G,B) has a left-
invariant coarse structure El, for which a subset E ⊆ G × G is controlled if and only if the set
{x−1y | (x, y) ∈ E} is bounded. It is generated by the sets EA = {(ga, g) | a ∈ A, g ∈ G} for
bounded A ⊆ G. Similarly, there is a right coarse structure generated by the sets {(ag, g) | a ∈
A, g ∈ G}. Since they may not coincide in general, the coarse structure is not the most convenient
and we prefer to work with the bornology directly. Many concepts of coarse geometry can be
directly stated in terms of the bornology.

Definition 2.1.15. Let (G,B) be a bornological group and let H ⊆ G be a subgroup. We say that
H is coarsely dense if there is a bounded set A satisfying HA = G.

It can easily be checked that this coincides with our earlier definition of coarsely dense when G
is equipped with either the left- or right invariant coarse structure induced by B.

Topological groups are an important source of examples for bornological groups.

Example 2.1.16. Let (G, τ) be a (Hausdorff) topological group. The pre-compact bornology is the
bornology K consisting of all subsets of G whose closure is compact.

In Section 5.1.1 we will see another way to construct a bornology on a topological group.

2.2 Property (T)

Much of this thesis will be about variations of property (T). We start by introducing the classical
setting of property (T), which applies to groups. It concerns the representations of groups on
Hilbert spaces. For a Hilbert space H, we denote by U(H) the group of unitary maps:

U(H) = {T : H → H | T continuous and linear, T ∗T = TT ∗ = I}.

Definition 2.2.1. Let Γ be a group. A representation of Γ consists of a Hilbert space H and a
homomorphism π : Γ → U(H).

Note that the representations we consider are always unitary. If (π,H) is a representation of Γ
and g ∈ Γ, v ∈ H, we will sometimes write g · v as an abbreviation for π(g)(v) if the map π is clear
from the context. Note that 1 · v = v and (g · h) · v = g · (h · v), because π is a homomorphism. An
important example is the left-regular representation.
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Definition 2.2.2. Let Γ be a group. The Hilbert space l2Γ is the set of functions

l2Γ =

f : Γ → C
∣∣∣ ∑
g∈Γ

|f(g)|2 <∞

 ,

equipped with the inner product

⟨f, f ′⟩ =
∑
g∈Γ

f(g)f ′(g).

The left-regular representation of Γ is the representation λ : Γ → U(l2Γ) given by (λ(g)(f))(g′) =
f(g−1g′).

Definition 2.2.3. Let Γ be a group and (π,H) a representation of Γ. A unit vector v ∈ H is called
an invariant vector if g · v = v for all g ∈ Γ.

We can always decompose a representation (π,H) into a part where all unit vectors are invariant
and a part without invariant vectors: consider the closed subspaceHc = {v ∈ H | g·v = v for all g ∈
Γ}. Then for all g ∈ Γ we have g · Hc = Hc and also g · H⊥

c = H⊥
c . We can then define the

representations πc : Γ → U(Hc) by πc(g)v = v and π⊥
c : Γ → U(H⊥

c ) by π⊥
c (g)v = π(g)v. Then

all unit vectors of Hc are invariant vectors while (π⊥
c ,H⊥

c ) does not have any invariant vectors.
Moreover, we have π = πc ⊕ π⊥

c .
Now we would like to have a good notion of what it means for a representation (π,H) to have

almost invariant vectors. We have the following Proposition, which is taken from [5, Proposition
1.1.5].

Proposition 2.2.4. Let Γ be a group and (π,H) a representation of Γ. Let 0 < ε <
√
2 and let

v ∈ H be a unit vector such that ∥g · v − v∥ ≤ ε for all g ∈ Γ. Then there is an invariant vector
w ∈ H with ∥v − w∥ < ε.

Proof. Let C be the closed convex hull of π(Γ)v. Since C is closed and convex there is a unique vector
u ∈ C with minimal norm: to see this, let un be a sequence of vectors with limn∥un∥ = infc∈C∥c∥.
For any m and n, the midpoint um+un

2 is also in C, therefore
∥∥um+un

2

∥∥ ≥ infc∈C∥c∥. Using

the parallellogram identity we have
∥∥um+un

2

∥∥2 = 1
2∥um∥2 + 1

2∥un∥
2 − 1

4∥um − un∥2. So we have
1
4∥um − un∥2 ≤ 1

2∥um∥2 + 1
2∥un∥

2 − infc∈C∥c∥2. This shows that (un) is a Cauchy sequence, and
since C is closed, it converges to a vector u with ∥u∥ = infc∈C∥c∥. This vector is clearly unique,

because if there were two different vectors u, u′ ∈ C with minimal norm, then the vector u+u′

2 would
also be in C and have smaller norm, giving a contradiction.

For any g ∈ Γ we have π(g)π(Γ)v = π(Γ)v, and taking the convex closure of both sides gives
π(g)C = C. Since π(g) is a unitary map, and u is the unique vector with minimal norm in C, we
see that π(g)u is the unique vector with minimal norm in π(g)C = C. So π(g)u = u.

Now we have to show that u is non-zero. For all g ∈ Γ we have ∥g · v − v∥ ≤ ε. We have

∥g · v − v∥2 = 2− 2Re(⟨g · v, v⟩), and combining this with the inequality gives

Re(⟨g · v, v⟩) ≥ 1− ε2

2
.

Since C is the convex closure of π(Γ)v, we get the inequality

Re(⟨w, v⟩) ≥ 1− ε2

2

12



for all w ∈ C. In particular, we have Re(⟨u, v⟩) ≥ 1− ε2

2 > 0, so u ̸= 0. We can then define x = u
∥u∥ .

Then x is an invariant vector. Since ∥u∥ ≤ 1 we get

∥v − x∥2 = 2− 2Re(⟨x, v⟩) = 2− 2Re(⟨u, v⟩)
∥u∥

≤ 2− 2− ε2

∥u∥
≤ ε2.

The concept of “almost invariant vectors” only asks the vectors to be almost invariant with
respect to the action of group elements in a finite set at the same time.

Definition 2.2.5. Let Γ be a group and (π,H) a representation of Γ. We say that the representation
has almost invariant vectors if for every finite set F ⊆ Γ and every ε > 0, there exists a unit vector
v ∈ H satisfying

∥∥π(g)v − v
∥∥ < ε for all g ∈ F .

Now there are groups for which there are representations with almost invariant vectors but
without invariant vectors. We can consider the left-regular representation of Z as an example.

Example 2.2.6. The left-regular representation λ : Z ↷ l2Z has almost invariant vectors, but no
invariant vector. To see this, let F ⊆ Z be finite and ε > 0. Let n be a large enough integer that√

2|k|
n < ε for all k ∈ F . Let vn ∈ l2Z be the function given by

vn(m) =

{
1√
n

if 1 ≤ m ≤ n

0 else.

Then vn is a unit vector. For k ∈ F we see that λ(k)vn − vn is supported on 2|k| integers,

taking a value of ± 1√
n

there, thus
∥∥λ(k)vn − vn

∥∥ =
√

2|k|
n < ε. This shows that the left-regular

representation has almost invariant vectors. There are no invariant vectors, since they would
necessarily be a non-zero constant function on Z and thus not square-summable.

For some groups, however, the existence of almost invariant vectors in a given representation
guarantees the existence of an invariant vector.

Definition 2.2.7. A group Γ has property (T) if every representation with almost invariant vectors
has an invariant vector.

Example 2.2.8. By Proposition 2.2.4, all finite groups have property (T). As we saw in example
2.2.6, Z does not have property (T). More generally, no infinite amenable groups have property (T);
see Proposition 2.3.4. The group SLn(Z) of n×n matrices with integer coefficients and determinant
1 has property (T) if and only if n ≥ 3 (see [5, Example 1.7.4]).

Property (T) is inherited by quotients.

Proposition 2.2.9. Let Γ be a group with property (T) and let N be a normal subgroup. Then
Γ/N has property (T).

Proof. Let π : Γ/N ↷ H be a representation with almost invariant vectors. Precomposing with
the projection Γ ↠ Γ/N gives a representation of Γ with almost invariant vectors. Thus H has a
Γ-invariant vector, which is then also Γ/N -invariant.

Example 2.2.10. The free group Fn on n generators does not have property (T) for any n ≥ 1,
since there is a surjective homomorphism from Fn to Z.
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2.2.1 Property (T) for locally compact groups

So far in this section the group Γ did not have a topology. There is a variant of property (T) that
applies to locally compact groups. Here we restrict our attention to continuous representations.
Moreover, in the definition of “almost invariant vectors”, we consider compact sets instead of finite
sets.

Definition 2.2.11. Let (G, τ) be a locally compact group. A continuous representation of G is a
representation π : G→ U(H) such that for all v ∈ H the map G→ H, g → π(g)v is continuous. It
has almost invariant vectors if for all compact K ⊆ G and all ε > 0 there is a unit vector v ∈ H
such that

∥∥π(g)v − v
∥∥ < ε for all g ∈ K. We say that (G, τ) has property (T) if every continuous

representation with almost invariant vectors has an invariant vector.

From Proposition 2.2.4 we know that all compact groups have property (T).

Definition 2.2.12. Let (G, τ) be a locally compact group. A compact set K ⊆ G and an ε > 0
form a Kazhdan pair if the following holds for every continuous representation π : G → U(H): if
there is a unit vector v ∈ H satisfying

∥∥π(g)v − v
∥∥ < ε for all g ∈ K, then there is an invariant

vector.

Clearly G must have property (T) if a Kazhdan pair exists. It turns out that the converse is
true as well.

Proposition 2.2.13. Let (G, τ) be a locally compact group with property (T). Then there exists a
Kazhdan pair (K, ε).

Proof. Suppose it is not true. Then for each pair (K, ε) consisting of a compact subset of the group
and a positive real number, there exists a representation πK,ε : G ↷ U(HK,ε) without invariant
vectors and a unit vector vK,ε ∈ HK,ε such that

∥∥π(g)vK,ε − vK,ε

∥∥ < ε for g ∈ K. Now consider
the direct sum representation

π =
⊕
K,ε

πK,ε.

This contains the vK,ε and thus it has almost invariant vectors. Since G has property (T), there
must be an invariant vector v. This must have a non-zero component v0 in some HK,ε. But then
rescaling v0 gives an invariant vector in HK,ε, a contradiction.

In Chapter 5, we will prove that the continuity assumption in Definition 2.2.11 is not necessary.
Indeed, if a locally compact group has property (T), then any non-continuous representation with
almost invariant vectors (as in 2.2.11) necessarily has an invariant vector. Moreover we will develop
property (T) for bornological groups (see Section 2.1.3).

2.3 Amenability

We introduce amenability for locally compact groups. We will use it later in Chapter 6. Since it is
not a central topic in this thesis we only state some important results and refer to [49] for details.

Let G be a locally compact group. Then there exists a non-trivial, regular, left-invariant measure
µ on the Borel sigma-algebra of G. It is unique up to scalar multiplication and it is called the (left)
Haar measure. For p ∈ [1,∞] we write LpG = Lp(G,µ). The group G acts isometrically on these
spaces by left-translation. For p = 2 this is the left-regular representation.
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Definition 2.3.1. Let G be a locally compact group. A mean on L∞G is a positive linear map
φ : L∞G → C satisfying φ(1) = 1. It is an invariant mean if it satisfies φ(λgf) = φ(f) for all
f ∈ L∞G and g ∈ G, where λg denotes left-translation by g. The group G is amenable if there
exists an invariant mean on L∞G.

There are also many other characterisations of amenable groups. An important one is the
existence of Følner sets.

Definition 2.3.2. Let G be a locally compact group, let K ⊆ G be a compact subset and let ε > 0.

A (K, ε)-Følner set is a measurable subset U ⊆ G with 0 < µ(U) < ∞ satisfying µ(KU∆U)
µ(U) < ε.

Here ∆ denotes the symmetric difference.

Now we have the following well-known result. We do not give the proof here, but a proof of a
more general result can be found in Chapter 6.

Proposition 2.3.3. Let G be a locally compact group with left Haar measure µ. The following are
equivalent.

(i) G is amenable.

(ii) For every compact K ⊆ G and every ε > 0 there is a (K, ε)-Følner set.

(iii) The left-regular representation of G on L2G has almost invariant vectors (see Definition
2.2.11).

Proof. See Proposition 6.3.1, applied to the measure-preserving action of G on (G,µ).

All abelian groups are amenable. More generally, all solvable groups are amenable. Any group
containing the free group F2 as a subgroup is not amenable.

Proposition 2.3.4. A non-compact amenable group does not have property (T).

Proof. By Proposition 2.3.3(iii) the left-regular representation of G on L2G has almost invariant
vectors. An invariant vector in L2G would correspond to a non-zero constant function on G, which
would not be square-integrable because G is not compact. Therefore there are no invariant vectors
and G does not have property (T).

2.4 Geometric property (T)

2.4.1 Expander sequences

Let X = (V,E) be a finite simple graph. This means that V is a finite set and E is a set of pairs
{x, y} with x ̸= y ∈ V . We will write x ∼ y as a shorthand for {x, y} ∈ E. To this combinatorial
object we can associate a matrix called the Laplacian ∆.

Definition 2.4.1. Let X = (V,E) be a finite simple graph. The Laplacian is the matrix ∆, whose
rows and columns are indexed by the elements of V , satisfying

∆xy =


deg(x) if x = y;

−1 if x ∼ y;

0 otherwise.

Here deg(x) denotes the degree of vertex x.
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Clearly the graph can be recovered from its Laplacian, since {x, y} ∈ E if and only if ∆xy = −1.
Note that the sum of every row is zero and the sum of every column is zero. The Laplacian ∆ acts
on the vector space R[V ] = RV . For a function v ∈ RV we have (∆v)(x) =

∑
y∼x v(x)− v(y). We

get

⟨∆v, v⟩ =
∑
x

(∆v)(x)v(x) =
∑
x

∑
y∼x

v(x)− v(y)v(x) =
∑

{x,y}∈E

|v(x)− v(y)|2.

This quantity measures the variance of v on edges. We see that ∆ is a positive semi-definite
operator. Moreover ∆v = 0 exactly when v is constant on each component of V . We denote the
eigenvalues of ∆ by 0 = λ0 ≤ λ1 ≤ · · · ≤ λ|V |−1 (with multiplicities). Then λ1 > 0 exactly when
the graph is connected. The value of λ1 is related to a combinatorial feature of the graph, called
the Cheeger constant.

Definition 2.4.2. Let (V,E) be a finite simple graph. For A ⊆ V let ∂A be the set of edges with
exactly one vertex in A. The Cheeger constant of the graph is

h = inf

{
|∂A|
|A|

| A ⊆ V, 0 < |A| ≤ 1

2
|V |
}
.

The following inequality is called Cheeger’s inequality and was shown in [12].

Proposition 2.4.3. Let (V,E) be a finite simple connected graph. Suppose the degree of every
vertex is at most d. Let λ1 be the smallest positive eigenvalue of the Laplacian and let h be the
Cheeger constant. We have

h2

2d
≤ λ1 ≤ 2h.

Now we will consider sequences of finite graphs Xn = (Vn, En). We will assume that all of the
Xn are finite simple connected graphs, and that limn |Vn| = ∞. Moreover, we assume that the
sequence has uniformly bounded degree, i.e. there is a constant d such that for all n, all vertices of
Xn have degree at most d.

Definition 2.4.4. Let (Xn) be a sequence of connected graphs with uniformly bounded degree
and number of vertices tending to infinity. We say that (Xn) is an expander sequence if there is a
constant c > 0 such that for all n, all positive eigenvalues of the Laplacian of Xn are at least c.

By Proposition 2.4.3, we see that Xn is an expander sequence if and only if there is a constant
c′ > 0 such that the Cheeger constant of all Xn is at least c′. So we have both an algebraic and a
combinatorial characterisation of expander sequences. We can see expander sequences as sequences
of graphs which are well connected.

Explicit examples of expander sequences can be constructed from Cayley graphs. Let Γ be a
group and S a symmetric subset of Γ, i.e. a subset satisfying s ∈ S if and only if s−1 ∈ S. Then
the Cayley graph Cay(Γ, S) is the graph with vertex set equal to Γ, where different vertices g and
h are connected if g−1h ∈ S.

Example 2.4.5. Let k ≥ 3 and consider SLk(Z), the group of k×k-matrices with integer coefficients
and determinant one. Let S ⊆ SLk(Z) be a finite, symmetric generating set. For an integer n let
Xn be the Cayley graph Cay(SLk(Z/nZ), S), where S denotes the image of S in SLk(Z/nZ). Then
the sequence (Xn) is an expander sequence (see [28, Theorem 4.3.1]).
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Example 2.4.6. We can do a similar construction for k = 2. Let S be a finite, symmetric generating
set for SL2(Z). For a prime number p let Xp be the Cayley graph Cay(SL2(Z/pZ), S). Then the
sequence (Xp) is an expander sequence, where p ranges over all prime numbers (see [28, Theorem
6.1.1]). This example is considerably more technical to prove than the previous one.

We refer to e.g. [32] for more details on expanders.

2.4.2 Geometric property (T)

In this section (Xn) = ((Vn, En)) is a sequence of finite, simple, connected graphs satisfying
limn |Vn| = ∞ and for all n, every vertex of Xn has degree at most some natural number d.
We denote the union of all these graphs by X and the union of the vertex sets by V . For x, y ∈ Vn
let d(x, y) denote the length of the shortest path in Xn connecting x and y. Let ℓ2Vn denote the
Hilbert space of functions on Vn.

Definition 2.4.7. Let Tn ∈ B(ℓ2Vn) be a matrix. The propagation of Tn is defined as

prop(Tn) = sup{d(x, y) | x, y ∈ Vn, (Tn)x,y ̸= 0}.

We denote the matrix norm of Tn by∥Tn∥. Let ℓ2V denote the Hilbert space of square-summable
functions on V . If we have a sequence of matrices Tn ∈ B(ℓ2Vn) with supn∥Tn∥ <∞ we can combine
them into an operator T =

∏
n Tn ∈ B(ℓ2V ), with norm ∥T∥ = supn∥Tn∥.

Definition 2.4.8. Let T = (Tn) ∈
∏

nB(ℓ2Vn) ∩ B(ℓ2V ). The propagation of T is prop(T ) =
supn prop(Tn). If prop(T ) < ∞ we say that T is a finite propagation operator. We denote by
Ccs[X] the set of all finite propagation operators.

Note that if S and T are finite propagation operators, then prop(S+T ) ≤ max(prop(S),prop(T ))
and prop(ST ) ≤ prop(S) + prop(T ) and prop(T ∗) = prop(T ). Thus Ccs[X] is a ∗-subalgebra of
B(L2V ) (it is not closed). It is called the algebraic uniform Roe algebra (introduced in [43]).

Let ∆n ∈ B(L2Vn) denote the Laplacian of Xn and let ∆ =
∏

n ∆n. Then we have prop(∆) = 1,
so ∆ is an element of Ccs[V ]. The spectrum of ∆ in the C∗-algebra B(ℓ2V ) is the closure of the
unions of the spectra of the ∆n. Thus we see that the Xn form an expander sequence if and only
if there is c > 0 such that σ(∆) ⊆ {0} ∪ [c,∞).

This characterisation of expander sequences considers the spectrum of ∆ in the C∗-algebra
B(ℓ2V ), so it does not make use of the algebra Ccs[X]. Since this subalgebra is not closed, we can
equip it with the maximal norm, which we explain now.

Definition 2.4.9. A representation of Ccs[X] consists of a Hilbert space H and a ∗-morphism
π : Ccs[X] → B(H). The maximal norm on Ccs[X] is given by ∥T∥max = sup(π,H)

∥∥π(T )∥∥, where
the supremum ranges over all representations.

It turns out that the maximal norm takes only finite values (see [19, Section 3] or Corollary
4.6.4). From this it is easy to see that it indeed defines a norm on Ccs[X].

Example 2.4.10. The inclusion Ccs[X] ↪→ B(ℓ2V ) defines a representation.

We denote the completion of Ccs[X] with respect to the maximal norm by C∗
max(X) (see e.g. [56]).

The spectrum of ∆ in this algebra is denoted by σmax(∆). It contains σ(∆).
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Definition 2.4.11. Let (Xn) be a sequence of finite graphs with bounded degree and number of
vertices going to infinity. The sequence has geometric property (T) if there is a constant c > 0 such
that σmax(∆) ⊆ {0} ∪ [c,∞).

This is strictly stronger than being an expander. The following proposition is from [58]. It
relates geometric property (T) with property (T) for groups (see Section 2.2).

Proposition 2.4.12. Let Γ be a finitely generated group and let S be a finite, symmetric set of
generators of Γ. Let N1 ⊇ N2 ⊇ · · · be a sequence of normal, finite-index subgroups of Γ satisfying⋂

nNn = {1}. Consider the sequence of Cayley graphs Xn = Cay(Γ/Nn, S/Nn). This sequence has
geometric property (T) if and only if the group Γ has property (T).

Proof. See [58, Theorem 7.3], or Theorem 5.H for a slightly more general result.

Example 2.4.13. Let k ≥ 2 and let S be a finite, symmetric generating set for SLk(Z). For
prime numbers p let Xp = Cay(SLk(Fp), S) where S denotes the image of S in SLk(Fp). Then the
sequence (Xp) has geometric property (T) if and only if k ≥ 3 (see Example 2.2.8). Compare this
with Examples 2.4.5 and 2.4.6, which say that the Xp form an expander sequence for all k ≥ 2.

We only have an algebraic definition for geometric property (T). It would be very interesting
to have a combinatorial characterisation as well. This is not known to exist, but there are some
combinatorial properties that all graph sequences with property (T) share. For example, for any
such a sequence there is an integer R such that all but finitely many of the graphs contain an
R-cycle. This is proven in [57, Corollary 7.4]. In Chapter 3 we generalise this result; indeed, we will
prove that there is an integer R such that all but finitely many of the graphs have a lot of R-cycles
(see Theorem 3.A).

If (Xn) is a sequence of graphs with geometric property (T), and we modify this sequence of
graphs by adding or removing a small number of edges and/or vertices to get a new sequence (Yn),
then the new sequence need not have geometric property (T); indeed, it may not be an expander.
However in Chapter 3 we show that if (Yn) still is an expander sequence, then it also still satisfies
geometric property (T). See Theorem 3.B for more details.

A sequence of graphs can be seen as a metric space (using the shortest-path distance). Then we
can also see it as a coarse space (see Section 2.1). In [58, Proposition 4.6] it is shown that geometric
(T) is invariant under coarse equivalences.

Proposition 2.4.14. Let (Xn) and (Yn) be sequences of graphs, whose number of vertices go to
infinity, and with bounded degree. Assume that the coarse spaces X =

⊔
nXn and Y =

⊔
n Yn are

coarsely equivalent. Then X has geometric property (T) if and only if Y has geometric property
(T).

Geometric property (T) can also be defined directly for coarse spaces, without making use of
a graph structure (see [58]). The coarse space should then be assumed to be uniformly locally
finite: this means that for every controlled set E ⊆ X × X there is an integer N such that
#{y | (x, y) ∈ E} ≤ N for all x ∈ X. Still if X and Y are coarsely equivalent spaces satisfying this
condition, X has geometric property (T) if and only if Y has geometric property (T). However,
being locally finite is not invariant under coarse equivalence, so this needs to be assumed for both
X and Y .

18



In Chapter 4 we study the more general setting of coarse spaces with bounded geometry. A
coarse space has bounded geometry if and only if it is coarsely equivalent to a uniformly locally
finite coarse space. In particular, bounded geometry is invariant under coarse equivalences. We
develop geometric property (T) for all coarse spaces with bounded geometry, and we show that it
is invariant under coarse equivalences (see Theorem 4.A).

2.5 Embeddings of sequences of graphs into Hilbert spaces

Let (Xn) be a sequence of graphs with uniformly bounded degree such that the number of vertices
of Xn converges to infinity. We will identify the graphs with their vertex sets and view them as a
metric space using the shortest path distance. Let X be the union of all Xn. We can view X as a
metric space, where two vertices in different elements of the sequence have distance infinity.

Let (V, d) be another metric space. We call a map F : X → V a coarse embedding if there is
a constant L and an increasing unbounded map ρ : N → [0,∞) such that for all n and x, y ∈ Xn

we have d(F (x), F (y)) ≤ L if x and y are adjacent, and d(F (x), F (y)) ≥ ρ(d(x, y)), where d(x, y)
denotes the shortest path distance between x and y.

It is an interesting question to ask whether a certain sequence of graphs can be embedded into
a Hilbert space. It turns out that this is impossible for expander graphs (see for example [44,
Proposition 11.29]).

Lemma 2.5.1. Let (Xn) be an expander sequence. Then there is no coarse embedding of X =
⊔
Xn

into a Hilbert space H.

Proof. Let ∆n denote the Laplacian of Xn and let c > 0 be such that σ(∆n) ⊆ {0} ∪ [c,∞) for all
n. Let d be the maximal degree of all vertices of all Xn. Then for all functions f : Xn → C with∑

x∈Xn
f(x) = 0 we have ⟨∆f, f⟩ ≥ c∥f∥2. We also have ⟨∆f, f⟩ = 1

2

∑
(x,y)∈E(Xn)

|f(x) − f(y)|2

and ∥f∥2 =
∑

x∈Xn
|f(x)|2 = 1

2|Xn|
∑

x,y∈Xn
|f(x)− f(y)|2. So we get∑

(x,y)∈E(Xn)

|f(x)− f(y)|2 ≥ c

|Xn|
∑

x,y∈Xn

|f(x)− f(y)|2.

Since neither side changes when we add a constant to f , this inequality holds for all functions
f : Xn → C.

Now suppose there is a coarse embedding F : X → H. Let (ei) be an orthonormal basis for H.
Then for all n we have∑

(x,y)∈E(Xn)

∥∥F (x)− F (y)
∥∥2 =

∑
i

∑
(x,y)∈E(Xn)

|⟨F (x)− F (y), ei⟩|2

≥ c

|Xn|
∑
i

∑
x,y∈Xn

|⟨F (x)− F (y), ei⟩|2

=
c

|Xn|
∑

x,y∈Xn

∥∥F (x)− F (y)
∥∥2 .

Since the function F is L-Lipschitz for some L, the left-hand side is at most d|Xn|L2. At the same
time, since F is a coarse embedding, there is some R such that if d(x, y) ≥ R then

∥∥F (x)− F (y)
∥∥ ≥

2
√

d
cL. Moreover, for large enough n, more than half of the pairs (x, y) ∈ X2

n have a distance more

than R. Thus the right-hand side is at least 2d|Xn|L2, a contradiction.
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More generally, an expander sequence cannot be coarsely embedded into any ℓp-space for 1 ≤
p < ∞ (see [36, Equation 6]). Clearly then, any graph sequence that allows a coarse embedding
of an expander sequence can also not be coarsely embedded into any ℓp-space. It is also known
that, for p > 2, a Hilbert space can be coarsely embedded into an ℓp-space but an ℓp-space does
not embed into a Hilbert space (see [40] and [25]). Thus coarse embeddability in ℓp is in general
weaker than coarse embeddability in a Hilbert space. Hence, a natural question is: does there exist
a sequence of graphs with uniformly bounded degree that coarsely embeds into some ℓp space, for
2 < p <∞, but not into ℓ2?

This would necessarily be a graph sequence that contains no coarsely embedded expander. In
[2, Theorem 7.1], as well as in [10], graph sequences with uniformly bounded degree are constructed
that cannot embed into a Hilbert space, and also contains no coarsely embedded expander sequence.
However they do not coarsely embed into an ℓp-space either.

We explore this question in Chapter 7. The approach we take there requires a model of random
graphs embedded in the torus Tm. Since no suitable model is known, we develop a model of random
graphs embedded in a manifold. This model is described in Chapter 8. Unfortunately we were only
able to accurately describe such random graphs embedded in the manifold Rm. Thus the question
above remains open.
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3 Cycles in graphs with geometric property (T)

This chapter is based on the article [55]. Large parts of it are reproduced verbatim.

Chapter summary

We show that a sequence of graphs with uniformly bounded vertex degrees, number of
vertices going to infinity, and with geometric property (T) has many small cycles. We also
show that when a small part of such a sequence of graphs with geometric property (T) is
changed, it still has geometric property (T), provided that it is still an expander. We use this
to give an example of a sequence of graphs with geometric property (T) that has large cycle-free
balls.

3.1 Introduction and main results

A sequence of finite graphs (Xn) has large girth if for every R > 0 there is a positive integer N
such that for n ≥ N , the graphs Xn do not have any cycles of length shorter than R. It was shown
in [57, Corollary 7.5] that a sequence of graphs with geometric property (T) can never have large
girth, using properties of K-theory. We give a quantitative version of this result: there is some R
such that all of the Xn have “many” R-cycles.

Let us make this more precise. As in [13], we define the cycle spaces of a graph.

Definition 3.1.1. Let X be a graph with edge set E. Let C[E] be the free R-vector space generated
by E. We use the convention that (x, y) = −(y, x). Let Z(X) be the subspace of C[E] generated
by the cycles, where a cycle (x1, x2, . . . , xn) corresponds to the element (x1, x2) + (x2, x3) + . . . +
(xn−1, xn) + (xn, x1). For any integer R, let ZR(X) be the subspace generated by the cycles of
length at most R.

We can now state the first theorem of this chapter.

Theorem 3.A. SupposeX = (Xn) is a sequence of finite connected graphs with uniformly bounded
degree and with number of vertices going to infinity. Suppose that X has geometric property (T).
Then there are constants R > 0 and ε > 0 such that for all large enough n, we have dimZR(Xn) ≥
ε|V (Xn)|.

The cost of generating an equivalence relation is introduced by Levitt in [30]. Taking the
supremum of all equivalence relations generated by probability measure preserving actions of a
group gives the cost of this group, as introduced by Gaboriau in [16]. Combinatorial cost is a
variant on this concept for sequences of graphs which was defined by Elek in [13]. It measures the
number of edges necessary to induce the coarse structure of a sequence of graphs.

Definition 3.1.2. Let (Xn) and (Yn) be sequences of finite connected graphs, such that Xn and
Yn have the same vertex set. For x, y ∈ V (Xn) denote by dX(x, y) the path distance in Xn, and
by dY (x, y) the path distance in Yn. We say that (Xn) and (Yn) induce the same coarse structure
if there is a constant L such that dX(x, y) ≤ LdY (x, y) and dY (x, y) ≤ LdX(x, y) for all n and
x, y ∈ V (Xn).

Definition 3.1.3 ([13]). The combinatorial cost of a sequence X = (Xn) of graphs is defined as

c(X) = inf
Y

lim inf
n

|E(Yn)|
|V (Xn)|
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where the infimum is taken over all sequences of graphs (Yn) on the same vertex sets as Xn, which
induce the same coarse structure as (Xn).

In [24], it was shown that any group with property (T) has cost 1. This raises the question if a
similar theorem can be proved in the combinatorial context. From Theorem 3.A it already follows
that the infimum in Definition 3.1.3 is not attained for sequences of graphs with geometric property
(T) (see Proposition 3.2.7). The question, whether sequences of graphs with geometric property
(T) necessarily have cost 1, remains open.

Theorem 3.A also raises the following question: is it true that for every sequence (Xn) with
geometric property (T), there is an R such that all vertices have a cycle in their R-neighbourhood?
We show that if two graph sequences (Xn) and (Yn) “mostly” agree, and one of them has geometric
property (T) and the other one is an expander, then the other one has geometric property (T) too.
This can be used to answer the above question negatively (see Corollary 3.3.2).

Definition 3.1.4. Let X = (Xn) and Y = (Yn) be sequences of finite connected graphs with in-
creasing number of vertices and uniformly bounded degree. We say that X and Y are approximately
isomorphic if there are subgraphs X ′

n ⊆ Xn and Y ′
n ⊆ Yn such that X ′

n and Y ′
n are isomorphic for

all n, and

lim
n→∞

|V (X ′
n)|

|V (Xn)|
= lim

n→∞

|E(X ′
n)|

|E(Xn)|
= lim

n→∞

|V (Y ′
n)|

|V (Yn)|
= lim

n→∞

|E(Y ′
n)|

|E(Yn)|
= 1.

It is easy to see that we may take X ′
n and Y ′

n to be induced subgraphs (that is, subgraphs that
contain all edges between their vertices that are present in the ambient graph).

If X and Y are approximately isomorphic and X has geometric property (T), then Y need
not have geometric property (T); indeed, it does not even need to be an expander (it is only
an asymptotic expander, as defined in [27]). For example, if (Xn) is a sequence of graphs with
geometric property (T) with |Xn| ≥ n2, and we attach a path of length n to each Xn, then it will
not be an expander anymore. However, this is the only thing that can go wrong.

Theorem 3.B. Let X = (Xn) and Y = (Yn) be approximately isomorphic sequences of finite
connected graphs with uniformly bounded degree and number of vertices going to infinity. Suppose
X has geometric property (T) and Y is an expander. Then Y has geometric property (T).

3.2 Short-cycle spaces in graphs with geometric property (T)

Let (Xn) be a sequence of graphs. The algebraic Roe algebra Ccs[X], as recalled in Section 1, has
a standard representation on ℓ2X. Other representations are harder to describe explicitly. We will
see how to construct a representation of Ccs[X], starting from a representation of only part of the
matrix algebra B(ℓ2Xn), for each n.

Definition 3.2.1. Let X be a graph and let BR(ℓ
2X) be the set of bounded operators on ℓ2X

of propagation at most R. An R-representation is a Hilbert space H together with a linear map
π : BR(ℓ

2X) → B(H) satisfying π(T ∗) = π(T )∗ and π(TS) = π(T )π(S) if T , S and TS have
propagation at most R.

Suppose X = (Xn) is a sequence of graphs and suppose we have a sequence of rn-representations
πn of Xn on Hn. If rn → ∞, we can make a representation of Ccs[X] as follows: let U be a free
ultrafilter on N and define the ultraproduct H =

∏
n Hn/U . Define π(T ) = limU πn(T |ℓ2Xn

) ∈
B(H). Then π : Ccs[X] → B(H) is a representation.
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We can use these representations to prove that a sequence of graphs with property (T) does not
have large girth (which was also already proved in [57] using K-theory). Below we first give the
proof below for d-regular graphs with an even integer d, to avoid technicalities. It is true in greater
generality; this will follow later from Theorem 3.A.

Proposition 3.2.2. Let X = (Xn) be a sequence of d-regular finite connected graphs and an
increasing number of vertices. Suppose that X has geometric property (T) and that d is even. Then
X does not have large girth.

Proof. Suppose that X has large girth and let t ∈ R. Let rn denote the girth of Xn. There
is an Eulerian cycle on Xn. This defines a direction on each edge of Xn. So we can define a
function ρ : En → {−1, 1}, where En denotes the edge set of Xn, such that for each x ∈ Xn we have∑

y∼x ρ(x, y) = 0. For all pairs (x, y) ∈ X2
n choose a shortest path γ(x,y) = (x = x0, x1, . . . , xd(x,y) =

y) from x to y. Choose it in such a way that γ(y,x) is the inverse of γ(x,y). Define ρ : X2
n → Z by

ρ(x, y) = ρ(x0, x1) + . . . + ρ(xd(x,y)−1, xd(x,y)). Then ρ(x, y) = −ρ(y, x), and if d(x, y) + d(y, z) +
d(x, z) < rn, we have ρ(x, y) + ρ(y, z) = ρ(x, z). Now define πn : B(ℓ2Xn) → B(ℓ2Xn) by

πn(T )ξ(x) =
∑
y

Txy exp(itρ(x, y))ξ(y).

Then πn(T
∗) = πn(T )

∗, and if the propagations of S and T and TS are at most 1
3rn, then πn(TS) =

πn(T )πn(S). So πn defines a 1
3rn-representation.

Consider the constant unit vector ξn ∈ ℓ2Xn with ξn(x) =
1√

|V (Xn)|
. This satisfies πn(∆X)ξn =

d(1 − cos t)ξn. Let π : Ccs[X] → B(H) denote the limit of the πn. This is a representation. Let
ξ = (ξn) ∈ H. Then π(∆X)ξ = d(1 − cos t)ξ, so d(1 − cos t) ∈ σmax(∆X). Since t can be any real
number, we conclude that [0, 2d] ⊆ σmax(∆X). Then X does not have geometric property (T), and
we have arrived at a contradiction.

If the graph is not d-regular for an even d, we do not necessarily have a Eulerian cycle. In this
case, we can still prove the result. We need Lemmas 3.2.3 and 3.2.4 below to construct a cycle
v ∈ Z(X) that will play a similar role as the Eulerian cycle above. We will use it to prove something
even stronger, namely that there are “many” small cycles in X (Theorem 3.A).

Note that, if X is a finite connected, then dim(C[E]) = |E| and dim(Z(X)) = |E|− |X|+1 (this
is clear for a tree, and any time an edge is added to a graph, both sides increase by 1). We will
also use the standard inner product on C[E], such that edges have norm 1 and are perpendicular
to each other. An edge in a connected graph is called a bridge if the removal of this edge would
render the graph disconnected.

Lemma 3.2.3. Let X be a finite connected graph with edge set E. There is v ∈ Z(X) satisfying
the following conditions:

(i) For all e ∈ E we have v(e) ∈ {−1, 0, 1}.

(ii) Of all edges e ∈ E that are not bridges, at most half satisfy v(e) = 0.

Proof. Let Z1, . . . , ZK be cycles in X such that each edge that is not a bridge is contained in
one of the cycles Zi. Choose ε1, . . . , εK ∈ {0, 1} uniformly and independently at random. Let

w =
∑K

i=1 εiZi. For each e ∈ E that is not a bridge, we have P[w(e) is odd] = 1
2 . So E[#{e ∈ E |
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w(e) is odd}] is equal to half the number of edges that are not bridges. So there is some w ∈ Z(X)
such that w(e) is odd for at least half the number of edges that are not bridges. Now let E′ ⊆ E be
the subset of E consisting of the edges for which w(e) is odd. Then each vertex of X has an even
number of adjacent edges in E′. So each component of (V (X), E′) has a Eulerian cycle. Let v be
the sum of these Eulerian cycles. Then v satisfies the conditions.

Lemma 3.2.4. Let X be a finite connected graph with edge set E and maximal degree d. Suppose
there is a constant h > 0 such that for all subsets A with 1

4 |V (X)| ≤ |A| ≤ 1
2 |V (X)|, we have

|∂A| ≥ h|A|. Then there is a constant c > 0, only depending on d and h, such that if |V (X)| is
large enough, the number of edges that are not bridges in X is at least c|E|.

Proof. For b a bridge, define Kb and Gb to be the two components of the graph (V (X), E \ {b}),
with |Kb| ≤ |Gb|. Since ∂Kb = {b}, and h · 1

4 |V (X)| > 1 for |V (X)| large enough, we must have
|Kb| < 1

4 |V (X)|. Now let G = ∩bGb and K = V (X) \ G, where the intersection ranges over all
bridges b. If x, y ∈ G, then all the vertices of any minimal path from x to y are also in G. In
particular, G is connected.

We show that G is non-empty. Let b be a bridge such that Kb is maximal. Let x be the endpoint
of b in Gb. Then x ∈ G: for if there is another bridge b′ with x ∈ Kb′ , we have either Kb∪{x} ⊆ Kb′ ,
or Gb ⊆ Kb′ , and then Kb′ is too large.

Note that all bridges of X must have at least one vertex in K. Therefore the number of edges
that are not bridges is at least |G| − 1. So if we find a constant c′ > 0 such that |G| ≥ c′|V (X)|, we
are done.

Let ∂G = {b1, . . . , bN}. These are all bridges. For each 1 ≤ i ≤ N we have |Kbi | ≤ 1
4 |V (X)|.

The Kbi are pairwise disjoint: if Kbi and Kbj were not disjoint for i ̸= j, then we would find
a cycle with bi and bj . Then we can choose some 1 ≤ M ≤ N such that min(|K|, 14 |V (X)|) ≤∑M

j=1 |Kbj | ≤ 1
2 |V (X)|. If |K| < 1

4 |V (X)|, we have |G| ≥ 3
4 |V (X)|, and we are done. Suppose

that |K| ≥ 1
4 |V (X)|. Then we can apply the assumption of the lemma to A = ∪M

j=1Kbj . We

have |∂A| = M ≤ N = |∂G| ≤ d|G|, therefore |A| ≤ d
h |G|. So |G| ≥ h

4d |V (X)|. This finishes the
proof.

Corollary 3.2.5. Let X be a finite connected graph with edge set E and maximal degree d. Suppose
there is a constant h > 0 such that for all subsets A ⊂ V (X) with 1

4 |V (X)| ≤ |A| ≤ 1
2 |V (X)|, we

have |∂A| ≥ h|A|. Then, provided that |V (X)| is large enough, there are a constant c > 0, only
depending on d and h, and v ∈ Z(X) satisfying the following conditions:

(i) For all e ∈ E we have v(e) ∈ {−1, 0, 1}.

(ii) We have #{e ∈ E | v(e) ̸= 0} ≥ c|E|.

Proof. This follows directly from Lemmas 3.2.3 and 3.2.4.

Theorem 3.A. SupposeX = (Xn) is a sequence of finite connected graphs with uniformly bounded
degree and with number of vertices going to infinity. Suppose that X has geometric property (T).
Then there are constants R > 0 and ε > 0 such that for all large enough n, we have dimZR(Xn) ≥
ε|V (Xn)|.

Proof. Let γ > 0 be such that σmax(∆X) ⊆ {0}∪ [γ,∞). Let d be the maximal degree of all vertices
of X. Since X has geometric property (T), it is in particular an expander sequence by Cheeger’s
inequality: for each subset A ⊆ Xn with |A| ≤ 1

2 |V (Xn)| we have |∂A| ≥ γ
2 |A|. Only finitely many
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of the Xn can be trees (this follows from Lemma 3.2.4, for example). We can then assume without
loss of generality that none of the Xn is a tree.

Define h = γ
4 . Let c1 be the constant from Corollary 3.2.5, using the constants d and h. Let

c2 > 0 be such that

c3 =
1

4
d2 −

(
1− c1

2d

)(
1

2
d+ c2d

)2

− c1
2d

(
1

2
d+ c2d−

1

2

)2

> 0. (1)

Let t > 0 be small enough such that
dt2 < γ (2)

and also ∣∣∣∣exp(it)− 1− it+
1

2
t2
∣∣∣∣ ≤ c2t

2. (3)

Let ε > 0 be such that the following conditions are satisfied:

8εd2 ≤ 1

2
c3t

4, (4)

2ε ≤ c1
2d
, (5)

4ε ≤ h. (6)

Suppose for a contradiction that for each R, there is an n such that dimZR(Xn) < ε|V (Xn)|.
Let En be the set of edges of Xn. Note that Z(Xn) ⊆ C[En] consists of the functions ρ : En → C
satisfying

∑
y∼x ρ(x, y) = 0 for all x ∈ V (Xn). The subset ZR(Xn)

⊥ ⊆ C[En] consists of all function
ρ : En → C satisfying ρ(x1, x2) + ρ(x2, x3) + . . .+ ρ(xq, x1) = 0 for all q-cycles (x1, x2, . . . , xq) with
q ≤ R.

Let ρ ∈ ZR(Xn)
⊥. We will construct a 1

3R-representation πρ of Xn. First, we extend ρ
to a function on V (Xn)

2 as follows: for each pair (x, y) ∈ V (Xn)
2, choose a shortest path

(x = x0, x1, . . . , xd(x,y) = y) from x to y and define ρ(x, y) = ρ(x0, x1) + ρ(x1, x2) + . . . +

ρ(xd(x,y)−1, xd(x,y)). Since ρ ∈ ZR(Xn)
⊥, this satisfies the following: if x, y ∈ V (Xn) satisfy

d(x, y) ≤ R, then ρ(x, y) = −ρ(y, x), and if x, y, z ∈ V (Xn) satisfy d(x, y) + d(y, z) + d(z, x) ≤ R,
then ρ(x, y) + ρ(y, z) + ρ(z, x) = 0.

Now we define πρ : B(ℓ2Xn) → B(ℓ2Xn) by

πρ(T )ξ(x) =
∑
y

Txy exp(iρ(x, y))ξ(y).

This is a 1
3R-representation.

For a subset B ⊆ En, denote byXn\B the graph (Xn, En\B). Choose edges b1, . . . , bdim(ZR(Xn))

recursively in such a way that bj is an edge in a cycle in ZR(Xn) ∩ Z(Xn \ {b1, . . . , bj−1}). Then
ZR(Xn)∩Z(Xn \{b1, . . . , bj−1, bj}) has one dimension fewer than ZR(Xn)∩Z(Xn \{b1, . . . , bj−1}).
Thus, with B = {b1, . . . , bdim(ZR(Xn))} we have ZR(Xn) ∩ Z(Xn \ B) = 0. Then we also have
ZR(Xn) ∩ C[En \ B] = 0, and counting dimensions, ZR(Xn) ⊕ C[En \ B] = C[En]. Since C[B] ⊥
C(En \ B) and ZR(Xn)

⊥ ⊥ ZR(Xn), it follows that C[B] ∩ ZR(Xn)
⊥ = 0. Counting dimensions

again, we get ZR(Xn)
⊥ ⊕ C[B] = C[En].

Since each bj is an edge in a cycle in Z(Xn \ {b1, . . . , bj−1}), it follows by induction that Xn \B
is still a connected graph. Let A ⊂ V (Xn), with

1
4 |V (Xn)| ≤ |A| ≤ 1

2 |V (Xn)|. Denote by ∂Xn\BA
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the set of edges in Xn \B with exactly one vertex in A. Then we have |∂Xn\BA| ≥ |∂XnA| − |B| ≥
γ
2 |A| − ε|V (Xn)| ≥ (γ2 − 4ε)|A| = (2h − 4ε)|A| ≥ h|A| by inequality (6). So Xn \ B satisfies the
conditions of Corollary 3.2.5. We can also assume V (Xn) is large enough to apply the corollary, by
taking R large enough.

Now let v ∈ C(Xn \B) be as in Corollary 3.2.5. Recall that ZR(Xn)
⊥ ⊕ C[B] = C[En]. Hence

there is a unique function ρ ∈ ZR(Xn)
⊥ such that ρ(e) = v(e) for all e ̸∈ B.

Now we consider the 1
3R-representation πtρ. Let ∆t = πtρ(∆X) ∈ B(ℓ2Xn). Let ξn ∈ ℓ2Xn be

the constant function with ξn(x) = 1 for all x ∈ Xn. Then we have

∆tξn(x) =
∑
y∼x

(1− exp(itρ(x, y)))

for all x ∈ Xn.
We define a partition V (Xn) = A1 ∪A2 ∪A3. We can think of the vertices in A1 as the ‘good’

vertices, the vertices in A2 as the ‘neutral’ vertices and the vertices in A3 as the ‘bad’ vertices.
Luckily, A3 will be small. The sets are defined as follows:

A3 = {x ∈ Xn | (x, y) ∈ B for some y ∼ x},
A1 = {x ∈ Xn \A3 | v(x, y) ̸= 0 for some y ∼ x},
A2 = Xn \ (A1 ∪A3).

Since |B| ≤ ε|V (Xn)|, we have |A3| ≤ 2ε|V (Xn)|, and since at least c1|En| edges e satisfy v(e) ̸= 0,
we have |A1| ≥ c1

d |En| − |A3| ≥ ( c1d − 2ε)|V (Xn)| ≥ c1
2d |V (Xn)| by inequality (5).

We will estimate |∆tξn(x)− 1
2dt

2|, finding increasingly good estimates in the cases x ∈ A3, A2, A1

respectively. For all x ∈ Xn, we have |∆tξn(x)− 1
2dt

2| ≤ 2d. For x ̸∈ A3 we have ρ(x, y) = v(x, y)
for all y ∼ x. Since

∑
y∼x v(x, y) = 0, we have

∆tξn(x) =
∑
y∼x

(1 + itv(x, y)− exp(itv(x, y))).

Then, using inequality (3) we have:∣∣∣∣∆tξn(x)−
1

2
dt2
∣∣∣∣ ≤∑

y∼x

∣∣∣∣1 + itv(x, y)− d

2 deg(x)
t2 − exp(itv(x, y))

∣∣∣∣
≤

∑
y∼x

∣∣∣∣1 + itv(x, y)− d

2 deg(x)
t2 − (1 + itv(x, y)− 1

2
t2v(x, y)2)

∣∣∣∣
+ c2dt

2

≤ 1

2
dt2 + c2dt

2 − 1

2

∑
y∼x

v(x, y)2t2.

For x ∈ A2, this is at most ( 12d+ c2d)t
2. For x ∈ A1, there is y ∼ x with v(x, y) ̸= 0, and we find

that |∆tξn(x)− 1
2dt

2| ≤ ( 12d+ c2d− 1
2 )t

2.
Using inequalities (1) and (4), we now have:∥∥∥∥∆tξn − 1

2
dt2ξn

∥∥∥∥2 =
∑
x∈Xn

|∆tξn(x)−
1

2
dt2|2
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≤
∑
x∈A1

(
1

2
d+ c2d−

1

2

)2

t4 +
∑
x∈A2

(
1

2
d+ c2d

)2

t4 +
∑
x∈A3

4d2

≤

((
1− c1

2d

)(
1

2
d+ c2d

)2

+
c1
2d

(
1

2
d+ c2d−

1

2

)2
)
|V (Xn)|t4 + 8εd2|V (Xn)|

=

(
1

4
d2 − c3

)
|V (Xn)|t4 + 8εd2|V (Xn)|

≤
(
1

4
d2 − 1

2
c3

)
|V (Xn)|t4

=

(
1− 2c3

d2

)∥∥∥∥12dt2ξn
∥∥∥∥2 .

For each R we have found an nR, a 1
3R-representation πnR

: B(ℓ2XnR
) → B(ℓ2XnR

), and

a vector ξnR
∈ B(ℓ2XnR

) satisfying
∥∥πnR

(∆X)ξnR
− 1

2dt
2ξnR

∥∥ ≤ (1 − 2c3
d2 )

1
2

∥∥ 1
2dt

2ξnR

∥∥. Let U
be a free ultrafilter on N and define the ultraproduct H =

∏
nB(ℓ2XnR

)/U . Let π = limU πnR

and ξ = limU
ξnR

∥ξnR∥
. Then π is a representation of Ccs[X], and we have

∥∥π(∆X)ξ − 1
2dt

2ξ
∥∥ ≤

(1− 2c3
d2 )

1
2

∥∥ 1
2dt

2ξ
∥∥. It follows that σ(π(∆X))∩ [ 12dt

2(1− (1− 2c3
d2 )

1
2 ), 12dt

2(1 + (1− 2c3
d2 )

1
2 )] ̸= ∅. So

σmax(∆X) contains a positive element that is at most dt2. This is a contradiction with inequality
(2).

Remark 3.2.6. Note that in the above proof, ε only depends on d and γ.

We have shown that each sequence of graphs with geometric property (T) has many small cycles.
It follows that we can remove a large number of cycles of the graph, while still keeping the same
coarse structure. In particular, the infimum in the definition of cost is not attained (see Definition
3.1.3).

Proposition 3.2.7. Let X = (Xn) be a sequence of graphs with degree at most d. Suppose there

are R, ε > 0 such that dimZR(Xn) ≥ ε|V (Xn)| for all n. Then c(X) ≤ lim infn
|E(Xn)|
|V (Xn)| −

ε
dR−1 .

In particular, if X has geometric property (T), the infimum c(X) = infY lim infn
|E(Yn)|
|V (Xn)| , over all

sequences (Yn) inducing the same coarse structure as X, is not attained.

Proof. Consider the set of all subgraphs of Xn, on the same vertex set, without R-cycles. Let Yn
be a maximal element of this set. If two vertices x, y are connected in Xn, then either they are
connected in Yn, or adding the edge (x, y) to Yn would create an R-cycle in Yn. So dY (x, y) ≤ R−1.

It follows that dY (x, y) ≤ (R − 1)dX(x, y) for any two vertices x, y ∈ V (Xn). Since Yn is a
subgraph of Xn, we also have dY (x, y) ≥ dX(x, y). This shows that X and Y induce the same
coarse structure.

Since dimZR(Xn) ≥ ε|V (Xn)|, there are in particular at least ε|V (Xn)| cycles of length at most
R in Xn. Of all these cycles, at least one of its edges is not in Yn. One edge can be contained
in at most dR−1 cycles of length at most R. So |E(Yn)| ≤ |E(Xn)| − ε

dR−1 |V (Xn)|. This gives

lim infn
|E(Yn)|
|V (Xn)| ≤ lim infn

|E(Xn)|
|V (Xn)| −

ε
dR−1 . So c(X) ≤ lim infn

|E(Xn)|
|V (Xn)| −

ε
dR−1 .

The last statement of the lemma follows from Theorem 3.A and the fact that if X and Y induce
the same coarse structure, also Y has geometric property (T) (see [58, Theorem 4.1]).
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3.3 Behaviour of geometric property (T) under small changes

A natural question in light of Theorem 3.A is the following: if a sequence of graphs (Xn) has
geometric property (T), is it necessary that there is an R such that every vertex has a cycle in its
R-neighbourhood? In this section we will see that the answer is no. We will do this by proving that
if we change a sequence of graphs a small amount (see Definition 3.1.4) while keeping expansion,
we also keep geometric property (T).

Theorem 3.B. Let X = (Xn) and Y = (Yn) be approximately isomorphic sequences of finite
connected graphs with uniformly bounded degree and number of vertices going to infinity. Suppose
X has geometric property (T) and Y is an expander. Then Y has geometric property (T).

For the proof we need the following proposition.

Proposition 3.3.1. Let X = (Xn) be an expander sequence with maximum degree d, and let h > 0
such that σ(∆X) ⊆ {0}∪ [h,∞). Let π : Ccs[X] → B(H) be a representation and suppose that v ∈ H
is a unit vector with ∆Xv = ηv for some η > 0.

(i) Let Fn ⊆ V (Xn) be such that limn→∞
|Fn|

|V (Xn)| = 0, and let PF ∈ Ccs[X] denote the projection

on the vertices of the Fn. Then ∥PF v∥ ≤ 2
3
4 d

1
2h−

1
2 η

1
4 .

(ii) Let G = (Gn) be a sequence of subgraphs of Xn such that limn→∞
|V (Gn)|
|V (Xn)| = 0. Then

⟨∆Gv, v⟩ ≤ 2
3
2 dh−1η

3
2 and ∥∆Gv∥ ≤ 2

3
4 d

1
2h−

1
2 η

5
4 .

Proof. (i) We can assume that η < h. Let δ > 0 and let N be an integer such that |Fn|/|V (Xn)| <
δ for n > N . Let PX≤N

∈ Ccs[X] be the projection on the vertices of X1 up to XN . Then we
have ∆XPX≤N

v = ηPX≤N
v. Since η is not an eigenvalue of ∆XPX≤N

, we have PX≤N
v = 0.

So PF v = PF>N
v, where PF>N

is the projection on the union F>N =
⋃

n>N Fn.

We can colour the edges of X in 2d colours such that no two intersecting edges have the
same colour. For each colour i define the involution τi of X that sends each vertex in an
edge with colour i to the other vertex of this edge, while fixing the other vertices. This
defines an element in Ccs[X] that we also denote by τi. Since τ2i = 1, we have 0 ≤ 1 − τi ≤
2. This inequality holds in C∗

max(X). We have ∆X =
∑2d

i=1(1 − τi): we can check this

by computing the matrix coefficients. For any x ∈ X we have
∑2d

i=1(1 − τi)xx = #{i |
x has an edge with colour i} = deg(x), and for different x, y ∈ X we have

∑2d
i=1(1 − τi)xy =

−#{i | (x, y) is an edge with colour i} which is −1 if (x, y) is an edge and 0 otherwise.

For f ∈ ℓ∞X, denote the corresponding multiplication operator in B(ℓ2X) byMf . Define the
positive unital linear map φ : ℓ∞X → C by φ(f) = ⟨Mfv, v⟩. For each i we have ⟨(1−τi)v, v⟩ ≤
η, so

∥∥(1− τi)v
∥∥2 = ⟨(2− 2τi)v, v⟩ ≤ 2η. Then for f ∈ ℓ∞X we have

(1− τi)φ(f) = φ(f − f ◦ τi)
= ⟨Mfv, v⟩ − ⟨Mf◦τiv, v⟩
= ⟨Mfv, v⟩ − ⟨Mfτiv, τiv⟩
= ⟨Mfv, v − τiv⟩+ ⟨Mf (v − τiv), τiv⟩.

We get |(1− τi)φ(f)| ≤ 2∥f∥∞∥v − τiv∥ ≤ 2
√
2η∥f∥∞, so

∥∥(1− τi)φ
∥∥ ≤ 2

√
2η.
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So φ is almost invariant for the involutions τi. Note that φ is a unit vector in the Banach
space (ℓ∞X)∗. By the Goldstine theorem, φ is in the weak closure of the set P(X) ⊆ ℓ1X
of probability measures on X. We will use some functional analysis to show that we can
approximate φ by a probability measure ψ ∈ P(X), in such a way that it will still be almost
invariant for the involutions τi.

Let B be the real Banach space
⊕2d

i=1 ℓ
1(X,R) with norm

∥∥(ψi)
∥∥ = maxi∥ψi∥1. Define the

convex set B ⊆ B by

B = {((1− τi)ψ) | ψ ∈ P(X), |ψ(1F>N
)− φ(1F>N

)| < δ}.

There is a net ψλ ∈ P(X) converging weakly to φ. For large λ we have |ψλ(1F>N
)−φ(1F>N

)| <
δ. Now (1 − τi)ψλ converges weakly to (1 − τi)φ ∈ (ℓ∞X)∗ for all i. So ((1 − τi)φ) ∈ B∗∗ is
in the weak closure of B.

Let A be the open ball {a ∈ B |∥a∥ < 2
√
2η+δ}. Suppose A and B are disjoint. By the Hahn-

Banach separation theorem, there is f ∈ B∗ and a positive real number s with f(a) < s ≤ f(b)
for a ∈ A and b ∈ B. Now ((1− τi)φ) ∈ B∗∗ is in the weak closure of B, so f(((1− τi)φ)) ≥ s.

On the other hand,
∥∥((1− τi)φ)

∥∥ ≤ 2
√
2η, so ((1 − τi)φ) is in the weak closure of 2

√
2η

2
√
2η+δ

A,

showing that f(((1− τi)φ)) ≤ 2
√
2η

2
√
2η+δ

s, giving a contradiction.

Therefore A∩B ̸= ∅, so there is ψ ∈ P(X) with |ψ(1F>N
)− φ(1F>N

)| < δ and
∥∥(1− τi)ψ

∥∥ <
2
√
2η + δ for all i. Let ξ = ψ

1
2 ∈ ℓ2X. Then for all i, we have

⟨(1− τi)ξ, ξ⟩ =
∑
x∈X

(ξ(x)− ξ(τix))ξ(x)

=
1

2

∑
x∈X

(
ξ(x)− ξ(τix)

)2
≤ 1

2

∑
x∈X

|ξ(x)2 − ξ(τix)
2|

=
1

2

∥∥(1− τi)ψ
∥∥
1

≤
√
2η +

1

2
δ.

Summing over all i gives ⟨∆Xξ, ξ⟩ ≤ 2d
√
2η + dδ. Let ξc be the projection of ξ on the locally

constant functions in ℓ2X. We get ⟨∆X(ξ − ξc), ξ − ξc⟩ = ⟨∆Xξ, ξ⟩ ≤ 2d
√
2η + dδ, but also

⟨∆X(ξ − ξc), ξ − ξc⟩ ≥ h∥ξ − ξc∥22. So ∥ξ − ξc∥22 ≤ 1
h (2d

√
2η + dδ).

Since |Fn|
V (Xn)

< δ for n > N , we have
∥∥∥ξc|F>N

∥∥∥ < √
δ. We get

ψ(1F>N
) =

∑
x∈F>N

ξ(x)2

=
∑

x∈F>N

(ξ − ξc)(x)
2 + 2

∑
x∈F>N

ξc(x)(ξ − ξc)(x) +
∑

x∈F>N

ξc(x)
2

≤∥ξ − ξc∥22 + 2
∥∥∥ξc|F>N

∥∥∥
2
·∥ξ − ξc∥2 +

∥∥∥ξc|F>N

∥∥∥2
2
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≤ 1

h
(2d
√
2η + dδ) + 2

√
δ + δ.

Finally, we have

∥PF v∥2 =∥PF>Nv∥2 = ⟨M1F>N
v, v⟩ = φ(1F>N

) ≤ ψ(1F>N
)+ δ ≤ 1

h
(2d
√

2η+dδ)+2
√
δ+2δ.

Letting δ → 0 gives the desired conclusion.

(ii) We recursively define F0 =
⋃

n V (Gn) and

Fk+1 = {x ∈ V (X) \ F≤k | x is adjacent to a vertex in Fk}

for k ≥ 1. Here we write F≤k for F0 ∪ . . . ∪ Fk. Let δ > 0. Since there are infinitely many Fk

and they are all disjoint, there is k ≥ 1 with
∥∥PFk−1∪Fk

v
∥∥ ≤ δ. Since the graphs have uniformly

bounded degree, we have limn→∞
|F≤k−1|
|V (Xn)| = 0. By part (i), we have

∥∥∥PF≤k−1
v
∥∥∥ ≤ 2

3
4 d

1
2h−

1
2 η

1
4 .

Denote by ∆F≤k
the Laplacian operator of the induced subgraph with vertex set F≤k. Then

we have

PF≤k−1
∆X = PF≤k−1

∆F≤k
= ∆F≤k

− PFk
∆F≤k

= ∆F≤k
− PFk

∆F≤k
PFk−1∪Fk

.

It follows that

⟨∆Gv, v⟩ ≤ ⟨∆F≤k
v, v⟩

= ⟨PF≤k−1
∆Xv, v⟩+ ⟨PFk

∆F≤k
PFk−1∪Fk

v, v⟩

≤ η⟨PF≤k−1
v, v⟩+

∥∥∥PFk
∆F≤k

∥∥∥ ·∥∥PFk−1∪Fk
v
∥∥ ·∥v∥

≤ 2
3
2 dh−1η

3
2 + 2dδ.

Similarly, we have

∥∆Gv∥ ≤
∥∥F≤kv

∥∥
≤
∥∥∥PF≤k−1

∆Xv
∥∥∥+∥∥∥PFk

∆F≤k
PFk−1∪Fk

v
∥∥∥

≤ 2
3
4 d

1
2h−

1
2 η

5
4 + 2dδ.

Since these inequalities hold for all δ > 0, the conclusion follows.

Proof of Theorem 3.B. Since X and Y are approximately isomorphic, we can identify the isomor-

phic subgraphs and assume there are induced subgraphs Zn ⊆ Xn ∩ Yn with limn→∞
|V (Zn)|
|V (Xn)| =

limn→∞
|V (Zn)|
|V (Yn)| = 1. Let d be the maximum degree inX∪Y , let γ > 0 with σmax(∆X) ⊆ {0}∪[γ,∞)

and let h > 0 with σ(∆Y ) ⊆ {0} ∪ [h,∞). Suppose that Y does not have geometric property (T).
Then the maximal spectrum of ∆Y contains arbitrarily small positive numbers. Let 0 < η < h
be in the maximal spectrum of ∆Y . Then there is a representation ρ : Ccs[Y ] → B(H) and a unit
vector v ∈ H with ∆Y v = ηv.

30



We will first apply Proposition 3.3.1 to bound v on some small subsets of Y . Then we will
construct a representation of Ccs[X] containing a vector 1⊗ v, that we will show is almost constant.
Since X has geometric property (T), it follows that 1⊗ v is close to some constant vector. This will
give a contradiction because v is perpendicular to all constant vectors.

We have
⟨∆Y \Zv, v⟩ ≤ 2

3
2 dh−1η

3
2

and ∥∥∥∆Y \Zv
∥∥∥ ≤ 2

3
4 d

1
2h−

1
2 η

5
4

by Proposition 3.3.1(ii).
Let F = {z ∈ Z | z adjacent to some x ∈ X \ Z}. Since the degree of the vertices of Y

is uniformly bounded, we have limn→∞
|F∩Yn|
|Yn| = 0. By Proposition 3.3.1(i), we have ∥PF v∥ ≤

2
3
4 d

1
2h−

1
2 η

1
4 .

Now we construct a representation of Ccs[X]. Consider the map E : Ccs[X] → Ccs[Z] given
by E(T ) = PZTPZ . This is a conditional expectation, meaning that for T ∈ Ccs[X] and S ∈
Ccs[Z], we have E(TS) = E(T )S and E(ST ) = SE(T ). We can construct the tensor product
H′ = Ccs[X]⊗Ccs[Z] H, as in [42, Theorem 1.8]. We repeat the construction here. First we consider
the algebraic tensor product Ccs[X]⊙H. We equip this with a conjugate symmetric form given on
simple tensors by

⟨T1 ⊙ v1, T2 ⊙ v2⟩ = ⟨E(T ∗
2 T1)v1, v2⟩.

It can be shown that this is positive semi-definite (see [42, Lemma 1.7] and its proof). Define the

semi-norm ∥w∥ = ⟨w,w⟩ 1
2 for w ∈ Ccs[X] ⊙ H. Let H′ = Ccs[X]⊗Ccs[Z] H be the Hilbert space

we get by taking the quotient with respect to the kernel of ∥·∥ and then taking the completion.
Let T1 ⊗ v1 denote the image of T1 ⊙ v1 in H′. It is easy to see that for S ∈ Ccs[Z], we have
T1S⊗ v1 = T1 ⊗Sv1. We now have a representation π : Ccs[X] → B(H′), given on simple tensors
by π(T1)(T2 ⊗ v1) = T1T2 ⊗ v1.

Consider the unit vector 1⊗ v ∈ H′. We have

⟨∆X(1⊗ v), 1⊗ v⟩ = ⟨∆Zv, v⟩+ ⟨E(∆X\Z)v, v⟩
= ⟨∆Zv, v⟩+ ⟨E(∆X\Z)PF v, PF v⟩

≤ ⟨∆Y v, v⟩+
∥∥∥E(∆X\Z)

∥∥∥ ·∥PF v∥2

≤ η + 2d · 2 3
2 dh−1η

1
2

≤ 8d2h−1η
1
2 ,

provided η is small enough. Let w ∈ H′
c be the projection of 1⊗ v on the space of constant vectors

H′
c = ker(ρ(∆X)). Then we have

⟨∆X(1⊗ v), 1⊗ v⟩ = ⟨∆X(1⊗ v − w), 1⊗ v − w⟩ ≥ γ∥1⊗ v − w∥2 .

Combining these inequalities, we get

∥1⊗ v − w∥2 ≤ 8d2h−1γ−1η
1
2 .

Finally, we have

η = ⟨∆Y v, v⟩
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= ⟨∆Zv, v⟩+ ⟨∆Y \Zv, v⟩
= ⟨∆Z(1⊗ v), w⟩+ ⟨∆Z(1⊗ v), 1⊗ v − w⟩+ ⟨∆Y \Zv, v⟩
= ⟨∆Z(1⊗ v), 1⊗ v − w⟩+ ⟨∆Y \Zv, v⟩
= ⟨η(1⊗ v), 1⊗ v − w⟩ − ⟨1⊗∆Y \Zv, 1⊗ v − w⟩+ ⟨∆Y \Zv, v⟩

≤ η∥1⊗ v − w∥2 +
∥∥∥∆Y \Zv

∥∥∥ ·∥1⊗ v − w∥+ 2
3
2 dh−1η

3
2

≤
(
8d2h−1γ−1 + 2

9
4 d

3
2h−1γ−

1
2 + 2

3
2 dh−1

)
η

3
2 .

This gives a contradiction if η is small enough. Hence Y must have geometric property (T).

Using the theorem, we can construct a sequence of graphs with geometric property (T) such
that the graphs locally have arbitrarily large girth.

Corollary 3.3.2. There is a sequence of graphs (Xn) with uniformly bounded degree and number
of vertices converging to infinity, satisfying geometric property (T), with a designated vertex pn ∈
V (Xn), such that the n-ball around pn does not contain any cycles.

Proof. We start with a sequence of finite connected graphs (Yn) with geometric property (T) and
maximal degree d. We will construct the graphs Xn by attaching new trees to each Yn.

Let (Rn) be an unbounded sequence of integers with limn→∞
2Rn

|V (Yn)| = 0. Let (Tn, pn) be a

rooted tree of depth Rn such that each vertex except for the leaves has degree 3. Connect each
leaf of the tree to a different vertex in Yn. We call the new graph Xn, and we show that (Xn)
is still an expander sequence. Note that the maximal degree of Xn equals d + 1. For a subset
A ⊆ V (Xn), denote by ∂outA the outer vertex boundary, that is the set {x ∈ V (Xn) | x ̸∈
A, x adjacent to a vertex in A}. Since (Yn) is an expander sequence, there is h > 0 such that for
all n and all B ⊆ V (Yn) with |B| ≤ 2

3 |Yn|, we have |∂outB| ≥ h|B|. Now let C ⊆ V (Xn) with
|C| ≤ 1

2 |V (Xn)|. Write A = C ∩ V (Tn) and B = C ∩ V (Yn). Note that |B| ≤ 2
3 |V (Yn)| (provided

n is large enough). We have |∂outA| ≥ 1
2 |A|, and all vertices in ∂outA are also in ∂outC unless they

are in B, so |∂outC| ≥ 1
2 |A|− |B|. We also have |∂outC| ≥ |∂outB ∩V (Yn)| ≥ h|B|. Taking a convex

combination, we conclude that

|∂outC| ≥
(
1 +

3

2h

)−1(
1

2
|A| − |B|+ 3

2h
h|B|

)
=

h

2h+ 3
|C|.

Hence, (Xn) is an expander sequence.
By the condition on Rn, we see that (Xn) approximates (Yn). By Theorem 3.B, the sequence

(Xn) has geometric property (T). The Rn-neighbourhood of pn is the tree Tn, so it does not contain
any cycles. After taking a subsequence and renumbering the graphs, we get the sequence of graphs
we wanted.
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4 Geometric property (T) for non-discrete spaces

This chapter is based on the article [54]. Large parts of it are reproduced verbatim.

Chapter summary

Geometric property (T) was defined byWillett and Yu, first for sequences of graphs and later
for more general discrete spaces. Increasing sequences of graphs with geometric property (T) are
expanders, and they are examples of coarse spaces for which the maximal coarse Baum-Connes
assembly map fails to be surjective. Here, we give a broader definition of bounded geometry
for coarse spaces, which includes non-discrete spaces. We define a generalisation of geometric
property (T) for this class of spaces and show that it is a coarse invariant. Additionally, we
characterise it in terms of spectral properties of Laplacians. We investigate geometric property
(T) for manifolds and warped systems.

4.1 Introduction and main results

In their paper [57], Willett and Yu introduce geometric property (T) for sequences of graphs, in
order to provide examples of coarse spaces for which the maximal coarse Baum-Connes assembly
map fails to be surjective. The concept is studied further by the same authors in [58]. There,
geometric property (T) is defined for coarse spaces that are uniformly locally finite, monogenic,
and countable. Such a space has geometric property (T) if each unitary representation of the
translation algebra Cu[X] (we call it Ccs[X], see Definition 4.5.3) that has almost invariant vectors,
has a non-zero invariant vector. For increasing sequences of finite graphs, this is a strictly stronger
property than being an expander. In fact, in this case it is equivalent to the graph Laplacian having
spectral gap in the maximal completion of Cu[X] (see [58, Proposition 5.2]). A sequence of finite
graphs with geometric property (T) can never have large girth (see [57, Corollary 7.5]).

The aim of this chapter is to generalise geometric property (T) to spaces satisfying a broader
notion of bounded geometry, see Definition 4.6.7. This broader notion of bounded geometry is
explained in Section 4.3. Spaces with bounded geometry include sequences of graphs with bounded
degree, manifolds whose Ricci curvature and injectivity radius are uniformly bounded from below,
and warped systems coming from an action of a finitely generated group on a compact manifold.
We do not assume monogenicity of the spaces. However, we do assume that the spaces are covered
by a countable number of “bounded” sets.

In [58], translation operators are used extensively to study geometric property (T) for discrete
spaces. For non-discrete spaces, these operators do not behave as nicely. Therefore we introduce
the concept of “operators in blocks”, which are operators with a convenient decomposition (see
Definition 4.5.5).

Any coarse space with bounded geometry can be equipped with a measure µ that is uniformly
bounded and for which a gordo set exists (see Definition 4.3.6 and Proposition 4.3.7). We will firstly
define geometric property (T) for a coarse space X equipped with such a measure µ. However,
Theorem 4.A will show that it is in fact independent of the chosen measure µ.

We will consider the Hilbert space L2(X,µ). An operator T in B(L2(X,µ)) has controlled
support if the support of a function is not changed much by T (see Definition 4.5.1). Let Ccs[X] ⊆
B(L2(X,µ)) be the algebra of operators with controlled support. A representation of this algebra is
a unital ∗-homomorphism ρ : Ccs[X] → B(H) for some Hilbert space H. For such a representation,
the subspace of constant vectors Hc is defined (see Definition 4.6.6). The coarse space X has
geometric property (T) if every unit vector v ∈ H⊥

c is “moved enough” by a suitable operator in
Ccs[X] (see Definition 4.6.7).
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An important notion in coarse geometry is that of coarse invariance (see Section 4.2). In [58],
it was shown that geometric property (T) is a coarse invariant (see [58, Theorem 4.1]). In this
chapter we show that our generalisation of geometric property (T) is still a coarse invariant. This
gives evidence that we have the “right” definition of property (T).

Theorem 4.A. Suppose (X,µ) and (X ′, µ′) are coarsely equivalent spaces with bounded geometry,
equipped with uniformly bounded measures for which gordo sets exist. Then (X,µ) has property
(T) if and only if (X ′, µ′) has property (T). In particular, whetherX has property (T) is independent
of the chosen uniformly bounded measure µ for which a gordo set exists.

Analogous to [58], we establish a complete characterisation of geometric property (T) in terms of
non-amenability for connected coarse spaces of bounded geometry. In fact, for unbounded connected
spaces, geometric property (T) is the complete converse of amenability for coarse spaces. This
generalises [58, Corollary 6.1]. The notion of amenability for coarse spaces with bounded geometry
is introduced in Lemma 4.9.1.

Theorem 4.B. Let X be a connected coarse space and let µ be a uniformly bounded measure for
which a gordo set exists. If X is bounded, then it is amenable and has geometric property (T). If
X is unbounded, it has geometric property (T) if and only if it is not amenable.

Towards the end of this chapter we investigate geometric property (T) for Riemannian manifolds.
Let M be a Riemannian manifold or a countable disjoint union of Riemannian manifolds with the
same dimension. The Riemannian metric defines a coarse structure on M . If the Ricci curvature
and the injectivity radius of M are uniformly bounded from below, then M has bounded geometry
(see Section 4.10). In this case the manifold Laplacian ∆M is an element of the algebra C∗

max(X),
and the manifold M has geometric property (T) if and only if ∆M has spectral gap in this algebra.

Theorem 4.C. Let (M, g) be a Riemannian manifold of bounded geometry equipped with the
coarse structure coming from the geodesic metric. Then M has geometric property (T) if and only
if the Laplacian ∆M has spectral gap in C∗

max(M).

In the last section we discuss warped systems. A group Γ acting by homeomorphisms on a
Riemannian manifold M gives rise to a coarse spaces called a warped system, see Section 4.11.
In Section 4.11 we will show that warped systems have bounded geometry if the manifold M is
compact. One might expect that the warped system has geometric property (T) if and only if the
group has property (T) and the action is ergodic. This remains an open question, though some
partial results are given.

4.2 Notation on coarse spaces

Coarse spaces are spaces with a large-scale geometric structure. See Section 2.1 for the definition
of coarse spaces and coarse equivalences. In this chapter we will use the following notation:

Definition 4.2.1. Let X be a coarse space and E ⊆ X ×X a controlled set.

(i) The controlled set E is called symmetric if E−1 = E.

(ii) For any x ∈ X, we write Ex = {y ∈ X | (y, x) ∈ E}.

(iii) For any U ⊆ X, we write EU =
⋃

x∈U Ex.
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(iv) A subset U ⊆ X is called bounded if U × U is a controlled set.

(v) A subset U ⊆ X is called E-bounded if U × U ⊆ E.

(vi) We write E◦n for the n-fold composition E ◦ E ◦ · · · ◦ E.

(vii) The set E generates the coarse structure if for any controlled set F , there is an integer n such
that F ⊆ E◦n.

For later use we give some basic properties using these definitions.

Lemma 4.2.2. Let X be a coarse space.

(i) Each controlled set is contained in a symmetric controlled set.

(ii) A subset U ⊆ X is bounded if and only if it is E-bounded for some controlled set E.

(iii) If E is a controlled set and x ∈ X then Ex is E ◦ E−1-bounded (though it is not necessarily
E-bounded).

(iv) If U is an E-bounded set, it is contained in Ex for any x ∈ U .

Proof. These follow directly from the definitions.

Most of the time, we will only consider symmetric controlled sets.

4.3 Bounded geometry

Consider a coarse space X. It is uniformly locally finite if for every controlled set E ⊆ X×X there
is an integer N such that #Ex ≤ N for all x ∈ X. We will define geometric property (T) for a
wider class of spaces. We still need a concept of bounded geometry, which we define below.

Definition 4.3.1. Let X be a coarse space. A controlled set F ⊆ X ×X is called covering if it is
symmetric and for every controlled E there is an N such that each Ex can be covered by at most
N sets that are F -bounded.

Lemma 4.3.2. Let X be a coarse space and F ⊆ X×X a symmetric controlled set. The following
are equivalent:

(i) The controlled set F is covering.

(ii) For each controlled set E there is a constant N such that each E-bounded set U can be covered
by at most N sets that are F -bounded.

Proof. Suppose F is covering and let E be a controlled set. Let N be such that each Ex can be
covered by at most N sets that are F -bounded. Let U be a non-empty E-bounded set. For any
x ∈ U we have U ⊆ Ex, so U is also covered by at most N sets that are F -bounded.

Conversely, suppose that (ii) is true and let E be a controlled set. There is a constant N such
that each E ◦ E−1-bounded set can be covered by at most N sets that are F -bounded. Then each
Ex can also be covered by at most N sets that are F -bounded.

Definition 4.3.3. A spaceX has bounded geometry if there is a controlled covering set F ⊆ X×X.
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The definition above is easily seen to be equivalent to the definition given by Roe in [44, Defi-
nition 3.8].

Example 4.3.4. Consider a metric space X with the corresponding coarse structure. If there
exists a controlled covering set, we can enlarge it to ER for some R > 0. Therefore, X has bounded
geometry if and only if ER is covering for some R > 0.

In fact, for many examples of metric spaces, ER will be covering for any R > 0.

Example 4.3.5. A uniformly locally finite space certainly has bounded geometry in this definition,
as we can take F to be the diagonal.

A different way to characterise bounded geometry is by the existence of a measure on X satis-
fying certain properties. We will study measures on any sigma algebra on the set X, with as only
condition, that singletons must be measurable. A controlled set E ⊆ X acts on the set of subsets of
X, by sending U to EU . Accordingly, given a measure on X, we say that a controlled set E is mea-
surable if EU is measurable for all measurable U ⊆ X. In particular, Ex is then measurable. Note
that (E ◦F )U = EFU

, therefore the composition of measurable controlled sets is again measurable.

Definition 4.3.6. Let (X, E) be a coarse space, and let µ be a measure on X, for any sigma algebra
that contains all singletons.

(i) The measure is called E-uniformly bounded or simply uniformly bounded if for each controlled
set E there is a constant C > 0 such that each E-bounded measurable set U has measure at
most C.

(ii) A symmetric controlled set E is called µ-gordo or simply gordo if it is measurable and µ(Ex)
is bounded away from zero independently of x, for all x ∈ X.

Proposition 4.3.7. Let X be a coarse space. The following are equivalent:

(i) The space X has bounded geometry.

(ii) There is a uniformly bounded measure µ on X and a gordo set E for µ.

(iii) There is a coarsely dense subspace Y ⊆ X that is uniformly locally finite.

Proof. Suppose X has bounded geometry and F ⊆ X ×X is a controlled covering set. By Zorn’s
Lemma there is a maximal subset Y ⊆ X satisfying (y, y′) ̸∈ F for all y ̸= y′ ∈ Y . By maximality
we know that for each x ∈ X there exists y ∈ Y such that (x, y) ∈ F , so Y is coarsely dense in
X. To see that Y is uniformly locally finite, consider a controlled set E ⊆ X ×X. There exists N
such that every Ey can be covered by F -bounded sets U1, . . . , UN . Since each F -bounded set can
contain at most 1 element of Y , we see that #(Ey ∩ Y ) ≤ N , so Y has bounded geometry, proving
(i) =⇒ (iii).

Suppose Y ⊆ X is a coarsely dense, uniformly locally finite subspace and let µ be the counting
measure of Y . Any controlled set E on X restricts to a controlled set on Y . Since Y is uniformly
locally finite any E-bounded set can contain a bounded number of points of Y . This shows that µ
is uniformly bounded. Now let E ⊆ X ×X be a symmetric controlled set such that for all x ∈ X
there is y ∈ Y with (x, y) ∈ E. Then each Ex has measure at least 1, so E is gordo, showing
(iii) =⇒ (ii).
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Finally, let µ be a uniformly bounded measure on X and let F be a gordo set for µ. We will
show that F ◦4 is a covering set. There is ε > 0 such that µ(Fx) ≥ ε for all x. Let E be a symmetric
controlled set. Since µ is uniformly bounded, there is a constant C such that µ(V ) ≤ C for all
F ◦E ◦ F -bounded measurable V . Now let U ⊆ X be E-bounded. Then FU is F ◦E ◦ F -bounded,
so all its measurable subsets have measure at most C. Let Y ⊆ U be maximal such that the Fy are
pairwise disjoint when the y range over Y . Since the Fy are all contained in FU and have measure
at least ε we have #Y ≤ N , with N = C

ε . Since Y is maximal we know that for all x ∈ U there is
a y ∈ Y with Fx ∩ Fy ̸= ∅, so (x, y) ∈ F ◦ F . This implies that the sets (F ◦ F )y, y ∈ Y cover U .
These sets are F ◦4-bounded. By Lemma 4.3.2 we see that F ◦4 is covering, showing (ii) =⇒ (i).

4.4 Blocking collections

From now on, let X be a coarse space of bounded geometry that can be covered by a countable
number of bounded sets. Let µ be a uniformly bounded measure on X for which a gordo set exists.
This measure exists by Proposition 4.3.7; in applications, there is often already a measure given
that satisfies the condition above. For example, if X is a metric space and µ is a Borel measure,
then µ satisfies the conditions if there is a radius R > 0 such that R-balls are bounded from below
in measure, and for all radii R > 0 the R-balls are bounded from above in measure.

The definition of geometric property (T) uses the measure µ, but we will show later that it does
not depend on it (see Theorem 4.A).

We will start by defining the notion of a blocking collection of subsets of X and proving some
elementary results about them.

Definition 4.4.1. Let E be a controlled set and let ε > 0. A collection (Ai) of measurable subsets
of X is called (E, ε)-blocking if

⋃
iAi×Ai ⊆ E, the Ai are pairwise disjoint and µ(Ai) ≥ ε for all i.

A collection (Ai) of measurable subsets of X is called blocking if it is (E, ε)-blocking for some E, ε.

The conditions on the measure µ ensure that there are sufficiently large blocking collections:

Lemma 4.4.2. There is a blocking collection (Ai) with union X.

Proof. Let E ⊆ X ×X be a gordo set for µ. By Zorn’s Lemma, there is a maximal subset I ⊆ X
such that all the Ei are pairwise disjoint when i ranges over I. Then for all x ∈ X there exists an
i ∈ I such that Ex ∩ Ei ̸= ∅, so (x, i) ∈ E ◦ E. So the (E ◦ E)i cover X, while the Ei are pairwise
disjoint. Hence, we can find measurable Ai with Ei ⊆ Ai ⊆ (E ◦ E)i such that X =

⊔
iAi. To

construct the Ai explicitly, choose a well-ordering on I and define

Ai = Ei ∪

(E ◦ E)i \

⋃
i′ ̸=i

Ei′ ∪
⋃
i′<i

(E ◦ E)i′


 .

Now the measure of the Ai is bounded from below because E is gordo, and the Ai are E
◦4-bounded,

showing that the Ai form a blocking collection.

Definition 4.4.3. Let E ⊆ X ×X. We say that E is a controlled set in blocks if E is of the form⊔
iAi ×Ai, where the (Ai) form a blocking collection.

Note that
⊔

iAi ×Ai is always a controlled set if the (Ai) form a blocking collection.
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Lemma 4.4.4. Let E ⊆ X × X be a controlled set. Then E is contained in a finite union of
controlled sets in blocks.

Proof. Assume without loss of generality that E is symmetric. By Lemma 4.4.2, there is a blocking
collection (Ai) with union X. Let F =

⊔
iAi×Ai which is a controlled set. Define a graph structure

on the index set I by connecting i and j if EAi
∩ EAj

̸= ∅.
If i and j are connected by an edge, then (E ◦ E)Ai ∩ Aj ̸= ∅, and since Aj is F -bounded it

follows that Aj ⊆ (F ◦E ◦E)Ai . Since µ is uniformly bounded and the Ai are F -bounded, we know
that the measure of (F ◦ E ◦ E)Ai

is bounded from above, say by M , where M does not depend
on i. Moreover, the measure of Aj is bounded from below uniformly in j, say by ε > 0. Since the
Aj are also pairwise disjoint, the degree of any vertex i in the graph can be at most M

ε . Then we
can colour the graph in N colours, for some integer N , such that no two adjacent vertices have the
same colour. Now for 1 ≤ k ≤ N define

Ck = {EAi
| i is coloured with the k-th colour}.

Then because of the way we coloured the graph, the sets in Ck are disjoint. Moreover they are
E ◦ F ◦ E-bounded and bounded from below in measure, so Ck is a blocking collection for each k.
For 1 ≤ k ≤ N we now define

Ek =
⊔

{EAi
× EAi

| i is coloured with the k-th colour}.

These are controlled sets in blocks. For all (x, y) ∈ E, there is an i with y ∈ Ai. Let k be the colour
of i. Then (x, y) ∈ EAi

× EAi
⊆ Ek. So E is contained in

⊔
k Ek.

4.5 The algebra of a coarse space

Analogous to the discrete setting, we now define the algebra of operators with controlled support.
We will use the Hilbert space L2X = L2(X,µ).

Definition 4.5.1. Let E ⊆ X ×X be a measurable controlled set and T ∈ B(L2X). We say that
T is supported on E if for all measurable U ⊆ X, all ξ ∈ L2X supported on U and all η ∈ L2X we
have

⟨ξ, Tη⟩ = ⟨ξ, Tη|EU
⟩.

We say that T has controlled support if it is supported on some measurable controlled set.

We can give some equivalent definitions for this:

Lemma 4.5.2. Let E be a measurable symmetric controlled set and T ∈ B(L2X). The following
are equivalent:

(i) The operator T is supported on E.

(ii) For all measurable U ⊆ X, all ξ ∈ L2X and all η ∈ L2X supported on U we have

⟨ξ, Tη⟩ = ⟨ξ|EU
, Tη⟩.

(iii) The operator T ∗ is supported on E.
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(iv) For all measurable U ⊆ X and all η ∈ L2X supported on U the function Tη is supported on
EU .

Proof. To prove (i) =⇒ (ii), we have

⟨ξ, Tη⟩ = ⟨ξ|EU
, Tη⟩+ ⟨ξ|X\EU

, Tη⟩ = ⟨ξ|EU
, Tη⟩+ ⟨ξ|X\EU

, Tη|EX\EU
⟩ = ⟨ξ|EU

, Tη⟩.

The other direction is similar, and the equivalences (ii) ⇐⇒ (iii) and (ii) ⇐⇒ (iv) are clear.

Clearly linear combinations of operators with controlled support again have controlled support,
as does a product of operators with controlled support. So the operators with controlled support
form a unital ∗-algebra.

Definition 4.5.3. Denote by Ccs[X] the subalgebra {T ∈ B(L2X) | T has controlled support} of
B(L2X). We will denote it Ccs[X,µ] when the measure is not clear from the context.

Remark 4.5.4. In the case that X is uniformly locally finite, the algebra Ccs[X] is the same as in
Definition 2.4.8.

Definition 4.5.5. Let T ∈ Ccs[X], let E be a controlled set and let ε > 0. We say that T is
an operator in (E, ε)-blocks if it is supported on

⊔
iAi × Ai where (Ai) is some (E, ε)-blocking

collection. We say that T is an operator in blocks if it is supported on some controlled set in blocks.

For a measurable subset U ⊆ X, denote by πU : L2X → L2U the restriction map and by
iU : L2U → L2X extension by 0. An operator T that is supported on

⊔
iAi ×Ai can be written as

T =
∑

i Ti, where Ti = πAi
TiAi

: L2Ai → L2Ai, using Lemma 4.5.2. This decomposition makes it
very convenient to do computations with operators in blocks. Moreover, every operator in Ccs[X]
can be written as a finite sum of operators in blocks:

Lemma 4.5.6. Let T ∈ Ccs[X]. We can write T as a finite sum T1+. . .+TN where each Ti ∈ Ccs[X]
is an operator in blocks.

Proof. Let T be supported on the measurable and symmetric controlled set E. Let (Ai) be a
blocking collection as in the proof of Lemma 4.4.4 and consider the same colouring on I as in that
proof. Let

Tk =
∑

i with colour k

πAiT.

Then Tk is controlled on ⊔i with colour kEAi
×EAi

, so it is an operator in blocks. Moreover we have
T = T1 + . . .+ TN .

We define some spaces of functions on X:

Definition 4.5.7. (i) Let L2
bX denote the L2-functions on X with bounded support.

(ii) Let LL2X denote the measurable functions on X that are locally L2: for each φ ∈ LL2X and
each bounded measurable U , we have

∫
U
|φ|2 <∞.

Lemma 4.5.8. The dual of L2
bX can be identified with LL2X.
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Proof. For any ξ ∈ L2
bX and η ∈ LL2X, the inner product ⟨η, ξ⟩ is finite, so η defines a function in

(L2
bX)∗.
Conversely, let φ ∈ (L2

bX)∗. For any bounded measurable U , the function φ can be pulled back
along the inclusion L2U ↪→ L2

bX to an element of (L2U)∗, which may be viewed as a function
ηU ∈ L2U . If U ⊆ V are bounded and measurable, then we find that ηU = ηV |U . Therefore, the
ηU may be glued together to a function η ∈ LL2X.

If T ∈ B(L2X) has controlled support, it sends L2
bX to L2

bX, and so does the dual T ∗. Taking
the dual of T ∗ : L2

b(X) → L2
b(X) gives a map LL2X → LL2X which we denote by T again. Now

define the linear map Φ: Ccs[X] → LL2X by Φ(T ) = T (1X) ∈ LL2X. Explicitly, if T is supported
on a controlled set E then we have

Φ(T )(x) = (T1Ex
)(x).

For all T, S ∈ Ccs[X] we have Φ(ST ) = SΦ(T ).

Lemma 4.5.9. Let T ∈ Ccs[X] be such that Φ(T ) is bounded. Then we can write T = T1+ . . .+TN
where the Tk are operators in blocks and Φ(Tk) is bounded.

Proof. Construct Tk as in the proof of Lemma 4.5.6. Then the Φ(Tk) are bounded.

4.6 Geometric property (T)

Definition 4.6.1. A representation of Ccs[X] consists of a Hilbert space H and a unital ∗-
homomorphism ρ : Ccs[X] → B(H). If no confusion arises we will omit the map ρ from the notation.

The standard representation of Ccs[X] is the inclusion Ccs[X] ↪→ B(L2X). Note that we do not
ask the map ρ to be continuous with respect to the norm on Ccs[X], inherited from B(L2X).

Definition 4.6.2. Let T, S ∈ Ccs[X].

(i) We write T ≥ S if this inequality holds in B(L2X).

(ii) We write T ≥max S if for every representation (ρ,H) of Ccs[X], we have the inequality
ρ(T ) ≥ ρ(S).

(iii) Let ∥T∥L2 be the norm of T in B(L2X).

(iv) Define ∥T∥max = sup
∥∥ρ(T )∥∥, where the supremum is over all representations (ρ,H). We will

see in Corollary 4.6.4 that this is always finite, and hence it also defines a norm on Ccs[X].

Lemma 4.6.3. Let T ∈ Ccs[X] be an operator in blocks.

(i) If T ≥ 0, then T ≥max 0.

(ii) We have ∥T∥L2 =∥T∥max.

Proof. (i) Suppose T is supported on
⊔

iAi × Ai where (Ai) is a blocking collection. Write

T =
∑

i Ti with Ti : L
2Ai → L2Ai. Then T

1
2 =

∑
i T

1
2
i is again an operator in blocks. Now

for any representation (ρ,H) we have ρ(T ) = ρ(T
1
2 )2 ≥ 0, so we have T ≥max 0.
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(ii) Clearly we have∥T∥L2 ≤∥T∥max. Note that T ∗T is again an operator in blocks. We have 0 ≤
T ∗T ≤∥T∥2L2 , and by part (i), it follows that 0 ≤max T

∗T ≤max ∥T∥2L2 . So for any representa-

tion (ρ,H), we have 0 ≤ ρ(T ∗T ) ≤∥T∥2L2 . So
∥∥ρ(T )∥∥ =

∥∥ρ(T )∗ρ(T )∥∥ 1
2 =

∥∥ρ(T ∗T )
∥∥ 1

2 ≤∥T∥L2 ,
and hence ∥T∥L2 =∥T∥max.

If T is an operator in blocks we will simply write ∥T∥ for both the norms ∥T∥L2 and ∥T∥max.

Corollary 4.6.4. For any T ∈ Ccs[X], the maximal norm ∥T∥max is finite.

Proof. This follows directly from Lemma 4.6.3 and Lemma 4.5.6.

Therefore ∥·∥max defines a norm and we can define the maximal C∗-algebra:

Definition 4.6.5. The maximal C∗-algebra C∗
max(X) is defined as the completion of Ccs[X] with

respect to the maximal norm ∥·∥max.

For a uniformly locally finite space X the C∗-algebra C∗
max(X) is the same as the one defined

in [58] (there it is called C∗
u,max(X)). For f ∈ L∞X denote by Mf ∈ B(L2X) the multiplication

operator by f . Similar to [58], we define the subspace of the constant vectors.

Definition 4.6.6. Let H be a non-degenerate representation of Ccs[X], and let v ∈ H. We call v
a constant vector if Tv =MΦ(T )v for all operators T ∈ Ccs[X] for which Φ(T ) is bounded. Here Φ
is as defined at the end of Section 4.5. The constant vectors form a closed subspace Hc of H.

Since we can replace T by T −MΦ(T ), it is enough to ask that Tv = 0 for all T with Φ(T ) = 0.
Now we are ready to define geometric property (T).

Definition 4.6.7. Let X be a coarse space with bounded geometry and let µ be a uniformly
bounded measure for which a gordo set exists. We say that (X,µ) satisfies geometric property
(T) if there are a controlled set E and constants ε, γ > 0 such that for every non-degenerate
representation (ρ,H) and every unit vector v ∈ H⊥

c there is an operator T in (E, ε)-blocks with

Φ(T ) bounded and
∥∥∥(T −MΦ(T ))v

∥∥∥ ≥ γ∥T∥.

In the definition, it is necessary to ask that Φ(T ) is a bounded function, because otherwiseMΦ(T )

would not be defined. By considering the operator T −MΦ(T ), we see that we can equivalently ask
there to be an operator T in (E, ε)-blocks with Φ(T ) = 0 and ∥Tv∥ ≥ γ∥T∥.

If X is uniformly locally finite with a generating controlled set, and µ is the counting measure,
we retrieve the definition of [58] (cf. Proposition 3.1 in that paper):

Lemma 4.6.8. Let X be a uniformly locally finite space for which there is a generating controlled
set, and let µ be the counting measure. The following are equivalent:

(i) The space (X,µ) satisfies geometric property (T).

(ii) There exists a controlled generating set E and a constant γ > 0 such that for any representation
H and unit vector v ∈ H⊥

c , there is an operator T ∈ Ccs[X] with support in E such that∥∥∥(T −MΦ(T ))v
∥∥∥ > γ sup

x,z
|Txz|,

where Txz denotes the value at (x, z) of the matrix corresponding to the operator T .
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Proof. We certainly have ∥T∥L2 ≥ supx,z |Txz|. With this, the direction (i) =⇒ (ii) is trivial, since
we may enlarge the controlled set E to make it generating.

Now suppose (ii) is true, take E, γ satisfying the condition, and let ε = 1. Without loss of
generality, we may assume E to be symmetric. There is an integer N such that #Ex ≤ N for
each x ∈ X. Let H be a representation and v ∈ H⊥

c a unit vector. We know there is T ∈ Ccs[X]
supported on E such that

∥∥(T − Φ(T ))v
∥∥ > γ supx,z |Txz|. For each pair (x, z) ∈ E there are fewer

than 4N other pairs (x′, z′) ∈ E with {x, z} ∩ {x′, z′} ≠ ∅. By a graph colouring argument we may
write T = T1 + . . .+ T4N as a sum of operators controlled on E with for each k: if (x, z) ∈ E and
(x′, z′) ∈ E are different pairs where Tk is supported, then {x, z} ∩ {x′, z′} = ∅. Moreover we get
supx,z |Txz| = supk∥Tk∥L2 . We then have∥∥∥∥∥∥

∑
k

(Tk −MΦ(Tk))v

∥∥∥∥∥∥ =
∥∥∥(T −MΦ(T ))v

∥∥∥ ≥ γ sup
x,z

|Txz| = γ sup
k
∥Tk∥L2 ,

hence there is a k with
∥∥∥(Tk −MΦ(Tk))v

∥∥∥ ≥ γ
4N ∥Tk∥L2 , proving (i).

4.7 Laplacians

In this section we will give a different characterisation of geometric property (T) using spectral
properties of Laplacians.

Definition 4.7.1. Let E be a measurable symmetric controlled set. Define the Laplacian ∆E ∈
B(L2X) as

∆E(ξ)(x) =

∫
Ex

(ξ(x)− ξ(y))dµ(y).

The Laplacian corresponding to E is obviously supported on E, in particular we have ∆E ∈
Ccs[X]. The Laplacians are positive operators, as is shown by the following lemma.

Lemma 4.7.2. For any measurable symmetric controlled set E we have 0 ≤max ∆E ≤max 2M ,
where M = supx µ(Ex).

Proof. A straightforward computation shows that for all measurable symmetric controlled sets F ,
we have

⟨∆F ξ, ξ⟩ =
∫
X

∆F ξ(x)ξ(x)dµ(x)

=

∫
X

∫
Fx

(ξ(x)− ξ(y))ξ(x)dµ(y)dµ(x)

=
1

2

∫
X

∫
Fx

(
(ξ(x)− ξ(y))ξ(x) + (ξ(y)− ξ(x))ξ(y)

)
dµ(y)dµ(x)

=
1

2

∫
F

|ξ(x)− ξ(y)|2d(µ× µ)(x, y)

≥ 0,
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so ∆F ≥ 0. Since |ξ(x)− ξ(y)|2 ≤ 2|ξ(x)|2 + 2|ξ(y)|2 we also have

⟨∆F ξ, ξ⟩ ≤
∫
F

(|ξ(x)|2 + |ξ(y)|2)d(µ× µ)(x, y) = 2

∫
F

|ξ(x)|2d(µ× µ)(x, y)

by symmetry. This is equal to 2
∫
F
|ξ(x)|2µ(Fx)dµ(x), which is at most 2∥ξ∥2 supx µ(Fx), so we

have
∥∥∆F

∥∥
L2 ≤ 2 supx µ(Fx). Moreover, if F1, F2 are disjoint measurable symmetric controlled sets,

we see directly that ∆F1∪F2 = ∆F1 +∆F2 .
Let E be any measurable symmetric controlled set. By Lemma 4.4.4, there are symmetric

controlled sets in blocks E1, . . . , EN whose union contains E. Let E′
1, . . . , E

′
N be pairwise disjoint

measurable sets such that E′
k ⊆ Ek for each k and E =

⊔
k E

′
k. For each k, the operator ∆E′

k is an

operator in blocks, so by Lemma 4.6.3 we have 0 ≤max ∆E′
k ≤max 2 supx µ((E

′
k)x). Taking the sum

from k = 1 to N , we get 0 ≤max ∆E ≤max 2 supx µ(Ex).

Lemma 4.7.3. Let E be a controlled set in blocks and let T ∈ Ccs[X] be a positive operator
supported on E such that Φ(T ) = 0. Then

T ≤max
∥T∥

infx(µ(Ex))
∆E ,

where the infimum is taken over all x with Ex ̸= ∅.

Proof. Write E =
⊔

iAi × Ai and T =
∑

i Ti with Ti : L
2Ai → L2Ai. It is enough to prove the

inequality Ti ≤ ∥Ti∥
µ(Ai)

∆Ei for each i, where Ei = Ai × Ai. The space L2Ai can be written as the

direct sum of the constant functions and the functions with zero integral. For any ξ ∈ L2Ai write
ξ = ξc + ξd where ξc is constant and

∫
ξd = 0. Then Tiξ = Tiξd and ∆Eiξ = µ(Ai)ξd. So we have

⟨Tiξ, ξ⟩ ≤∥Ti∥ ·∥ξd∥2 = ⟨ ∥Ti∥
µ(Ai)

∆Eiξ, ξ⟩ showing that Ti ≤ ∥Ti∥
µ(Ai)

∆Ei .

Since Φ(∆E) = 0, we have ∆Ev = 0 for all v ∈ Hc, where H is a representation of Ccs[X].
Moreover, we have the following lemma, which shows the converse.

Lemma 4.7.4. Let (ρ,H) be a representation of Ccs[X]. Then

Hc = ∩E ker(ρ(∆E))

where the intersection ranges over all the measurable symmetric controlled sets E.

Proof. Let v ∈ ∩E ker(ρ(∆E)) and let T ∈ Ccs[X] such that Φ(T ) is bounded, we will show that
Tv = MΦ(T )v, showing that v ∈ Hc. By Lemma 4.5.9, we can assume that T is an operator in
blocks. We can also assume that Φ(T ) = 0 by considering the operator T −Φ(T ). By Lemma 4.7.3,
there is a measurable symmetric controlled set E and a constant c such that T ∗T ≤max c∆

E , since
T ∗T is a positive operator in blocks. Then ∆Ev = 0 and we get∥Tv∥2 = ⟨T ∗Tv, v⟩ ≤ c⟨∆Ev, v⟩ = 0,
so Tv = 0.

Definition 4.7.5. Let T ∈ C∗
max(X) be a positive operator. We say that T has spectral gap if

there is a constant γ > 0 such that σmax(T ) ⊆ {0} ∪ [γ,∞), where σmax denotes the spectrum of T
in the maximal C∗-algebra.

Now we can prove the generalisation of [58, Proposition 5.2].
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Proposition 4.7.6. Let X be a coarse space of bounded geometry and let µ be a uniformly bounded
measure for which a gordo set exists. Then (X,µ) has geometric property (T) if and only if there
exists a measurable symmetric controlled set E such that for each representation (ρ,H) we have
Hc = ker(ρ(∆E)) and ∆E has spectral gap.

Proof. Suppose X has property (T). Let E be a controlled set and ε, γ > 0 constants such that
for every representation H and every unit vector v ∈ H⊥

c , there is an operator T in (E, ε)-blocks
such that Φ(T ) = 0 and ∥Tv∥ ≥ γ∥T∥. We will show that for each representation (ρ,H), we have
Hc = ker(ρ(∆E)) and ∆E has spectral gap.

Let v ∈ H⊥
c be a unit vector. Let T be an operator in (E, ε)-blocks with Φ(T ) = 0 and

∥Tv∥ ≥ γ∥T∥. Let T be supported on the blocks (Ai) and let E′ =
⊔

iAi × Ai ⊆ E. By Lemma

4.7.3, we have T ∗T ≤ ∥T∥2

infi µ(Ai)
∆E′ ≤ ∥T∥2

ε ∆E . Now

γ2∥T∥2 ≤∥Tv∥2 = ⟨T ∗Tv, v⟩ ≤ ∥T∥2

ε
⟨∆Ev, v⟩ ≤ ∥T∥2

ε

∥∥∥∆Ev
∥∥∥ ,

so
∥∥∆Ev

∥∥ ≥ γ2ε. This shows that ker(ρ(∆E)) ∩ H⊥
c = {0}, so ker(ρ(∆E)) = Hc. Moreover, it

shows that σ(ρ(∆E)) ⊆ {0} ∪ [γ2ε,∞). Since this holds for every representation (ρ,H), we get
σmax(∆

E) ⊆ {0} ∪ [γ2ε,∞), hence ∆E has spectral gap.
Now suppose that E is a measurable symmetric controlled set such that for each representation

(ρ,H) we have Hc = ker(ρ(∆E)) and ∆E has spectral gap, say σmax(∆
E) ⊆ {0} ∪ [γ,∞). By

Lemma 4.4.4 there are controlled sets in blocks E1, . . . , EN whose union contains E. Let ε =
mink infx µ((Ek)x) > 0, where k ranges from 1 to N and x ranges over all elements in X with
(Ek)x ̸= ∅. Now let (ρ,H) be a representation and let v ∈ H⊥

c be a unit vector. Then v ∈
ker(ρ(∆E))⊥ so ⟨∆Ev, v⟩ ≥ γ. We also have ∆E ≤ ∆E1 + . . . + ∆EN so there is 1 ≤ k ≤ N such
that ⟨∆Ekv, v⟩ ≥ γ

N . Now ∆Ek is an (E, ε)-operator in blocks and
∥∥∆Ekv

∥∥ ≥ γ
N , so we see that X

has geometric property (T).

In [58, Proposition 5.2] it is actually shown that Hc = ker(ρ(∆E)) holds for all generating
symmetric controlled sets E and that if X has geometric property (T), then ∆E has spectral gap
for all generating symmetric controlled sets E. In our case, we have a similar result, for which we
first need another lemma and its corollary.

Lemma 4.7.7. Let E be a gordo set and F a symmetric measurable controlled set containing E
and satisfying F ◦E = E ◦F . Let f ∈ L∞(X) be the function f(x) = µ((E ◦F )x). Then there is a
constant δ such that

δ∆F◦F ≤max (2Mf −∆E◦F )M 1
f
∆E◦F .

Proof. For every ξ ∈ L2X and x ∈ X, we have

(2Mf −∆E◦F )ξ(x) = f(x)ξ(x) +

∫
(E◦F )x

ξ(y)dµ(y).

Then we have

(2Mf −∆E◦F )M 1
f
∆E◦F ξ(x)

=∆E◦F ξ(x) +

∫
(E◦F )x

1

f(y)
∆E◦F ξ(y)dµ(y)

44



=f(x)ξ(x)−
∫
(E◦F )x

ξ(y)dµ(y) +

∫
(E◦F )x

ξ(y)dµ(y)−
∫
(E◦F )x

1

f(y)

∫
(E◦F )y

ξ(z)dµ(z)dµ(y)

=f(x)ξ(x)−
∫
(E◦F )◦2x

α(x, z)ξ(z)dµ(z),

where

α(x, z) =

∫
(E◦F )x∩(E◦F )z

1

f(y)
dµ(y).

Let z ∈ (F ◦ F )x. There is y ∈ X with (x, y) ∈ F and (y, z) ∈ F . It follows that Ey ⊆ (E ◦ F )x ∩
(E ◦ F )z, so α(x, z) ≥

∫
Ey

1
f(y′)dµ(y

′). Since E is gordo and f is bounded from above, there is a

constant δ such that α(x, z) ≥ δ for all z ∈ (F ◦ F )x. Now define

β(x, z) =

{
α(x, z)− δ if (x, z) ∈ F ◦ F ;
α(x, z) otherwise.

Then β is symmetric, β(x, z) ≥ 0 for all (x, z) ∈ X ×X and

(2Mf −∆E◦F )M 1
f
∆E◦F = δ∆F◦F + T,

where T ∈ Ccs[X] is the operator defined by

Tξ(x) =

∫
(E◦F )◦2x

β(x, y)(ξ(x)− ξ(y))dµ(y).

It remains to show that T ≥max 0. This is proved similarly to Lemma 4.7.2. Let E1, . . . , EN be
controlled sets in blocks whose union contains (E ◦F )◦2. Let E′

1, . . . , E
′
N be measurable symmetric

subsets of E1, . . . , EN respectively, that are disjoint from each other and whose union is (E ◦ F )◦2.
For 1 ≤ k ≤ N define Tk ∈ Ccs[X] by

Tkξ(x) =

∫
(E′

k)x

β(x, y)(ξ(x)− ξ(y))dµ(y).

An easy computation shows that

⟨Tkξ, ξ⟩ =
1

2

∫
E′

k

β(x, y)(ξ(x)− ξ(y))2d(µ× µ)(x, y),

so Tk ≥ 0. Since Tk is an operator in blocks, we get Tk ≥max 0 by Lemma 4.6.3. So we have
T =

∑N
k=1 Tk ≥max 0.

Corollary 4.7.8. Let E be a gordo set and F a symmetric measurable controlled set satisfying
F ◦ E = E ◦ F and E ⊆ F . Then for every representation (ρ,H), we have ker(ρ(∆F◦F )) =
ker(ρ(∆E◦F )). Moreover, ∆F◦F has spectral gap if and only if ∆E◦F has spectral gap.

Proof. Since E ⊆ F we have E ◦ F ⊆ F ◦ F , and therefore ∆E◦F ≤max ∆F◦F . It follows that
ker(ρ(∆F◦F )) ⊆ ker(ρ(∆E◦F )) and that if ∆E◦F has spectral gap, then ∆F◦F also has spectral gap.
The other direction follows from Lemma 4.7.7.
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Proposition 4.7.9. Let X be a coarse space of bounded geometry and let µ be a uniformly bounded
measure. Let E be a gordo set that generates the coarse structure on X. Let E′ = E◦3. Then for
every representation (ρ,H) of Ccs[X], we have ker(ρ(∆E′

)) = Hc, and X has geometric property
(T) if and only if ∆E′

has spectral gap.

Proof. We apply Corollary 4.7.8 with F = E◦n for n ≥ 2. By induction it follows that for all n ≥ 3
we have ker(ρ(∆E◦n

)) = ker(ρ(∆E′
)) and that ∆E◦n

has spectral gap if and only if ∆E′
has spectral

gap.
If X has geometric property (T), then there is a controlled set G such that ker(ρ(∆G)) = Hc

for every representation (ρ,H) and ∆G has spectral gap. Since E is generating, there is some
n such that G ⊆ E◦n. Then ∆G ≤max ∆E◦n

. So ker(ρ(∆E′
)) = ker(ρ(∆E◦n

)) = Hc for every
representation (ρ,H) and ∆E◦n

and ∆E′
have spectral gap.

We will now give a third characterisation of geometric property (T) based more directly on the
C*-algebra C∗

max(X). Note that ker(Φ) is a left ideal in Ccs[X]. Let Ic(X) = C∗
max(X) ker(Φ) be

the left ideal in C∗
max(X) generated by ker(Φ).

Proposition 4.7.10. Let X be a coarse space of bounded geometry and let µ be a uniformly bounded
measure for which a gordo set exists. Then (X,µ) has geometric property (T) if and only if there
is a projection p ∈ C∗

max(X) generating Ic(X).

Proof. First suppose that (X,µ) has geometric property (T). Let (ρ,H) be a faithful unital repre-
sentation of C∗

max(X). By Proposition 4.7.6 there is a controlled set E such that ker(ρ(∆E)) = Hc

and ∆E has spectral gap. By functional calculus there is a projection p ∈ Ic(X) such that pv = 0
for all v ∈ Hc and pv = v for all v ∈ H⊥

c . Now for any t ∈ Ic(X) we have tv = 0 for all v ∈ Hc,
hence t = tp. So p generates Ic(X).

Conversely, suppose p ∈ C∗
max(X) is a projection that generates Ic(X). Then we can write

p =
∑K

j=1 tjSj where K is an integer and tj ∈ C∗
max(X) and Sj ∈ ker(Φ) ⊆ Ccs[X]. Choose

T ′
j ∈ Ccs[X] with

∥∥∥tj − T ′
j

∥∥∥ ≤ 1

2K∥Sj∥ . Let T =
∑K

j=1 TjSj , then T ∈ Ccs[X], and Φ(T ) = 0, and

∥T − p∥ ≤
∑K

j=1

∥∥∥tj − T ′
j

∥∥∥ ·∥S∥j ≤ 1
2 . Write T = T1 + . . . + TN as a sum of operators in blocks

and choose a controlled set E and a constant ε > 0 such that they are all in (E, ε)-blocks. Now let
(ρ,H) be any representation. For any v ∈ ker(p) we have sv = 0 for all s ∈ Ic(X), hence v ∈ Hc.
So ker(p) = Hc. Now let v ∈ H⊥

c be a unit vector. Then pv = v so ∥Tv∥ ≥ 1
2 . Then there is

1 ≤ k ≤ N such that ∥Tkv∥ ≥ 1
2N , showing that (X,µ) has geometric property (T).

4.8 Coarse invariance

In this section, we will prove that geometric property (T), as defined in Definition 4.6.7, does
not depend on the measure µ chosen, and moreover, that it is a coarse invariant. Our method is
inspired by the one employed in [58]. Let X be a coarse space with bounded geometry, and let
µ be a uniformly bounded measure for which a gordo set exists. We will start by constructing a
uniformly locally finite space Y that is coarsely dense in X, with an appropriate measure ν. We will
show a correspondence between representations of Ccs[Y ] and some of the representations of Ccs[X].
This will allow us to see C∗

max(Y ) as a subalgebra of C∗
max(X). Then we can apply the criterion for

geometric property (T) given in Proposition 4.7.10 to conclude that (X,µ) has geometric property
(T) if and only if (Y, ν) has geometric property (T). After this we will show that geometric property

46



(T) does not depend on the measure as long as the space is uniformly locally finite. Finally, we will
conclude that if X is coarse equivalent to another space X ′, with a uniformly bounded measure
µ′ for which a gordo set exists, then (X,µ) has geometric property (T) if and only if (X ′, µ′) has
geometric property (T).

By Lemma 4.4.2, there is a blocking collection with union X. Write X =
⊔

y∈Y Uy, where
(Uy) is a blocking collection and y is a point in Uy (the notation Uy is not to be confused with
the notation Ex introduced in Definition 4.2.1(ii)). Note that Y is coarsely dense in X and that
µ(Uy) is bounded from above and below, uniformly in y. Let ν be the measure on Y defined by
ν({y}) = µ(Uy). We will first show that (X,µ) has property (T) if and only if (Y, ν) has property
(T).

Lemma 4.8.1. Let X be a coarse space with bounded geometry and let µ be a uniformly bounded
measure on X for which a gordo set exists. Let Y be a coarsely dense, uniformly locally finite sub-
space of X with a measure ν. Suppose X =

⊔
y Uy can be written as a disjoint union of measurable

sets with y ∈ Uy and ν(y) = µ(Uy) and such that
⊔

y Uy × Uy is a controlled set. Then (X,µ) has
property (T) if and only if (Y, ν) has property (T).

We need some preparation before we can prove Lemma 4.8.1. For x ∈ X, let y(x) ∈ Y be the
unique point such that x ∈ Uy. Define the linear maps a : L2X → L2(Y, ν) and b : L2(Y, ν) → L2X
by aξ(y) = 1

ν({y})
∫
Uy
ξ and bη(x) = η(y(x)). Note that these are adjoint to each other and that ab

is the identity on L2(Y, ν). Let A = ba. This is a projection in Ccs[X]. The maps α : ACcs[X]A→
Ccs[Y ], α(T ) = aTb and β : Ccs[Y ] → ACcs[X]A, β(S) = bSa are ∗-isomorphisms and inverse
to each other. Now if HX is a representation of Ccs[X], then HY = AHX is a representation of
ACcs[x]A and via β also a representation of Ccs[Y ]. Conversely, every representation of Ccs[Y ] gives
rise to a representation of Ccs[X].

Lemma 4.8.2. Let (ρY ,HY ) be a representation of Ccs[Y ]. Then there is a representation (ρX ,HX)
such that AHX = HY , and such that ρY equals the restriction of ρX ◦ β to AHX . Here HX is
a completion of a quotient of the algebraic tensor product Ccs[X] ⊙ HY that we will denote by
Ccs[X]⊗HY .

Proof. First consider the algebraic tensor product Ccs[X]⊙HY . We equip this with the sesquilinear
form defined on simple tensors by

⟨T ⊙ v, T ′ ⊙ v′⟩ = ⟨α(A(T ′)∗TA)v, v′⟩

and extended to (Ccs[X] ⊙ HY )2 by sesquilinearity. It is easy to see that this is well defined and
defines a conjugate symmetric sesquilinear form. We will now show that it is positive semi-definite.

For any operator T ∈ Ccs[X] there is an integer M , such that for every y ∈ Y there are at most
M different y′ ∈ Y such that πUy

TiUy′ ̸= 0 or πUy′TiUy
̸= 0. By a graph colouring argument we

may write T = T1 + . . . + TN , such that for every 1 ≤ k ≤ N , and every y ∈ Y , there is at most
one y′ such that πUy

TkiUy′ ̸= 0 or πUy′TkiUy
̸= 0.

It follows that each element of Ccs[X]⊙HY is of the form
∑N

k=1 Tk ⊙ vk with Tk ∈ Ccs[X], vk ∈
HY and the Tk satisfy that for every y there is at most one y′ such that πUy

TiUy′ ̸= 0 or πUy′TiUy
̸=

0. Let this y′ be fk(y) if it exists, otherwise put fk(y) = y. Then each fk is an involutive function
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(i.e. fk ◦ fk = idY ) and Tk sends L2Uy to L2Ufk(y). Define

Q =


0 T1 . . . TN
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0

 ∈ B(L2X)⊗MN+1(C) = B(L2(X × {0, 1, . . . , N})).

For y ∈ Y define Vy = Uy×{0}⊔
(⊔N

k=1 Ufk(y) × {k}
)
⊆ X×{0, 1, . . . , N}. ThenX×{0, 1, . . . , N} =⊔

y Vy and Q sends each L2Vy to L2Vy. Let

A⊗ I =


A . . . 0
...

. . .
...

0 . . . A

 ∈ B(L2(X × {0, . . . , N})).

Then also (A⊗ I)Q∗Q(A⊗ I) sends each L2Vy to L2Vy. It is also a positive element so we can

define the square root R =
(
(A⊗ I)Q∗Q(A⊗ I)

) 1
2 ∈ (A⊗ I)B(L2(X × {0, 1, . . . , N}))(A⊗ I). It

sends each L2Vy to L2Vy. Denote the entries of R by Rkl ∈ AB(L2X)A. Then Rkl sends L
2Uy

to L2Ufk(fl(y)). So Rkl has controlled support, and we have Rkl ∈ ACcs[X]A. We have R2 =

(A⊗ I)Q∗Q(A⊗ I) and looking at the entry at (k, l) gives
∑N

s=1RksRsl = AT ∗
kTlA and R∗

kl = Rlk

for all 1 ≤ k, l ≤ N .
Now we can compute 〈∑

k

Tk ⊙ vk,
∑
k

Tk ⊙ vk

〉
=
∑
k,l

⟨α(AT ∗
kTlA)vl, vk⟩

=
∑
k,l,s

⟨α(RksRsl)vl, vk⟩

=
∑
k,l,s

⟨α(Rsl)vl, α(Rsk)vk⟩

=
∑
s

〈∑
k

α(Rsk)vk,
∑
k

α(Rsk)vk

〉
≥ 0.

So the sesquilinear form is semi-positive definite. Define HX to be the Hilbert space obtained
by dividing Ccs[X]⊙HY by the kernel of the semi-norm∥v∥ = ⟨v, v⟩ 1

2 and completing with respect
to the resulting norm. Now we will define the representation ρX : Ccs[X] → B(HX).

Let T ∈ Ccs[X]. This acts on Ccs[X]⊙HY by T ·(S⊙v) = TS⊙v and extending by linearity. To
show that this defines a bounded map on HX we need to show that there is a constant C depending
on T such that ∥Tw∥ ≤ C ·∥w∥ for all w ∈ Ccs[X] ⊙ HY . For this we can assume that T is an

operator in blocks, by Lemma 4.5.6. Then S = (∥T∥2−T ∗T )
1
2 is an element in Ccs[X] and we have

for all w ∈ Ccs[X]⊙HY :

∥T∥2 ·∥w∥2 −∥Tw∥2 = ⟨(∥T∥2 − T ∗T )w,w⟩ = ⟨Sw, Sw⟩ ≥ 0.
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So ∥Tw∥ ≤∥T∥ ·∥w∥, showing that the action of T on Ccs[X] ⊙HY defines a bounded linear map
ρX(T ) ∈ B(HX). It is now easy to check that this defines a representation of Ccs[X] on HX .

Finally, note that we have an injection HY ↪→ Ccs[X]⊙HY sending v to 1⊙v. This respects the
sesquilinear form, so it induces an injection HY ↪→ HX . For a simple tensor T ⊙ v ∈ Ccs[X]⊙HY

it is easy to check that A(T ⊙ v) = AT ⊙ v = 1 ⊙ α(ATA)v, hence A(Ccs[X] ⊙ HY ) = HY and
AHX = HY . Then it is also easy to check that the restriction of ρX ◦ β to AHX equals ρY .

Lemma 4.8.3. The map β : Ccs[Y ]
∼−→ ACcs[X]A extends to an isometry

β : C∗
max(Y )

∼−→ AC∗
max(X)A.

Proof. Let S ∈ Ccs[Y ] and let (ρY ,HY ) be a representation such that ∥S∥max =
∥∥ρ(S)∥∥. Now

HX = Ccs[X]⊗HY is a representation of Ccs[X] by Lemma 4.8.2. Moreover, the restriction of
ρX(β(S)) to HY = AHX equals ρY (S), so

∥∥β(S)∥∥
max

≥
∥∥ρX(β(S))

∥∥ ≥
∥∥ρY (S)∥∥

max
=∥S∥max.

Conversely, let (ρX ,HX) be a representation of Ccs[X] such that
∥∥β(S)∥∥

max
=
∥∥ρX(β(S))

∥∥. We

have HX = AHX + (1−A)HX where HY = AHX is a representation of Ccs[Y ]. The restriction of
ρX(β(S)) to HY equals ρY (S) and the restriction of ρX(β(S)) to (1− A)HX equals zero, because
β(S) ∈ ACcs[X]A. So ∥S∥max ≥

∥∥ρY (S)∥∥ =
∥∥ρX(β(S))

∥∥ =
∥∥β(S)∥∥

max
.

Hence β : Ccs[Y ] → ACcs[X]A is an isometry for the maximal norms, and it extends to an
isometric embedding β : C∗

max(Y ) ↪→ C∗
max(X). Its image is the closure of ACcs[X]A, this is

AC∗
max(X)A.

Lemma 4.8.4. We have C∗
max(X)A ker(ΦX)A = Ic(X)A and β(Ic(Y )) = AIc(X)A.

Proof. Recall that Ic(X) = C∗
max(X) ker(ΦX), so clearly C∗

max(X)A ker(ΦX)A ⊆ Ic(X)A. To show
the converse, it is enough to show that ker(ΦX)A ⊆ Ccs[X]A ker(ΦX)A. Let T ∈ ker(ΦX)A. For
every y, y′ ∈ Y the map πUy

TiUy′ : L
2Uy′ → L2Uy does not change when it is composed with

iUy′AiUy′ : L
2Uy′ → L2Uy′ , so it has rank at most 1. There is an integer N , such that for every

y ∈ Y there are at most N different y′ ∈ Y such that πUy
TiUy′ ̸= 0, because T has controlled

support. Therefore im(T ) ∩ L2Uy has rank at most N . Write im(T ) ∩ L2Uy = f1yC ⊕ · · · ⊕ fNyC
where the fky are pairwise perpendicular elements of L2X (some of them may be zero). For all
1 ≤ k ≤ N and y ∈ Y let Bky : L

2Uy → L2Uy be a rank-one isometry sending fkyC to 1UyC (or let

Bky = 0 if fky = 0). Then B∗
kyABky = B∗

kyBky is the projection on fkyC. Then
∑N

k=1B
∗
kyABky

is the projection on im(T ) ∩ L2Uy. Now define Bk =
∑

y Bky. This is a bounded operator with

controlled support so we have Bk ∈ Ccs[X]. Moreover T =
∑

y

∑N
k=1B

∗
kyABky =

∑N
k=1B

∗
kABkT ∈

Ccs[X]A ker(ΦX)A.
For the second claim note that for any S ∈ Ccs[Y ] we have ΦY (S) = 0 if and only if ΦX(β(S)) =

0. Thus β(Ic(Y )) = β(C∗
max(Y ) ker(ΦY )) = AC∗

max(X)A ker(ΦX)A = AIc(X)A.

Now we can prove Lemma 4.8.1.

Proof of Lemma 4.8.1. We will use the characterisation of geometric property (T) given in Propo-
sition 4.7.10.

Suppose that (X,µ) has geometric property (T). Let p ∈ C∗
max(X) be a projection generating

the left ideal Ic(X). Since 1 − A ∈ Ic(X), it is a multiple of p, and from this it follows that
ApA is again a projection. Then we see that ApA ∈ AIc(X)A and for all t ∈ AIc(X)A we have
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tApA = tA = t, so ApA generates AIc(X)A as a left AC∗
max(X)A-module. So, by Lemma 4.8.4 we

know that Ic(Y ) is generated by a projection, hence (Y, ν) has geometric property (T).
Conversely, suppose that (Y, ν) has geometric property (T). Let q ∈ C∗

max(Y ) be a projection
generating the left ideal Ic(Y ). By Lemma 4.8.4 we have β(q) ∈ AIc(X)A. In particular, β(q)(1−
A) = 0, and from this it follows that β(q) + 1−A is again a projection. We have

C∗
max(X)(β(q) + 1−A)

=C∗
max(X)β(q) + C∗

max(X)(1−A)

=C∗
max(X)AIc(X)A+ C∗

max(X)(1−A)

=Ic(X)A+ C∗
max(X)(1−A)

=Ic(X)

by Lemma 4.8.4, so (X,µ) has geometric property (T).

Now we show that geometric property (T) is independent of the measure for uniformly locally
finite spaces.

Lemma 4.8.5. Let Y be a uniformly locally finite space and let ν be a measure on Y such that
all points are measurable and have measure uniformly bounded from above and below. Denote the
counting measure on Y by κ. Then (Y, ν) has property (T) if and only if (Y, κ) has property (T).

Proof. Define N ∈ L∞(Y ) by N(y) = ν(y)
1
2 . We will consider this as a multiplication operator in

Ccs[Y ]. Consider the linear map a : L2(Y, ν) → L2(Y, κ) given by a(η) = Nη. This is a unitary map
and it induces an isomorphism Ccs[Y, κ] → Ccs[Y, ν] sending T to a∗Ta. For any y ∈ Y and large
enough V ⊆ Y , we have

Φν(a
∗Ta)(y) = a∗Ta(1V )(y) = N−1TN(1V )(y) = Φκ(N

−1TN)(y),

so Φν(a
∗Ta) = Φκ(N

−1TN).
We now identify the algebras Ccs[Y, κ] ∼= Ccs[Y, ν] ∼= Ccs[Y ], just remembering that Φν(T ) =

Φκ(N
−1TN). We get C∗

max(Y, ν) = C∗
max(Y, κ). Moreover we have ker(Φν) = N ker(Φκ)N

−1 and
therefore Ic(Y, ν) = NIc(Y, κ)N

−1. We see that Ic(Y, ν) is generated by a projection if and only if
Ic(Y, κ) is generated by a projection. By Proposition 4.7.10 we are done.

Finally we prove that property (T) does not depend on the chosen measure and is also a coarse
invariant.

Theorem 4.A. Suppose (X,µ) and (X ′, µ′) are coarsely equivalent spaces with bounded geometry,
equipped with uniformly bounded measures for which gordo sets exist. Then (X,µ) has property
(T) if and only if (X ′, µ′) has property (T). In particular, whetherX has property (T) is independent
of the chosen uniformly bounded measure µ for which a gordo set exists.

Proof. Construct Y and Y ′ as before. Then Y,X,X ′, Y ′ are all coarsely equivalent. Since Y and
Y ′ are coarsely equivalent there are coarsely dense Z ⊆ Y and Z ′ ⊆ Y ′ and a coarse isomorphism
f : Z → Z ′ (see Proposition 2.1.12). Taking the counting measure on Z and Z ′, it is easy to see
that f induces an isomorphism between the algebras Ccs[Z] and Ccs[Z

′] commuting with ΦZ and
ΦZ′

, so that Z has property (T) if and only if Z ′ has property (T).
We can write Y as a bounded disjoint union

⋃
z∈Z Vz such that z ∈ Vz. Define the measure λ

on Z by λ(z) = ν(Vz). Similarly define a measure λ′ on Z ′. Now by Lemmas 4.8.1 and 4.8.5 the
following are equivalent:
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– The space (X,µ) has property (T).

– The space (Y, ν) has property (T).

– The space (Z, λ) has property (T).

– The space Z has property (T) with the counting measure.

– The space Z ′ has property (T) with the counting measure

– The space (Z ′, λ′) has property (T).

– The space (Y ′, ν′) has property (T).

– The space (X ′, µ′) has property (T).

4.9 Amenability

In this section, we will consider which connected coarse spaces X have geometric property (T).
Recall that a coarse space X is connected if {(x, y)} is a controlled set for all x, y ∈ X. As in [58],
it turns out that an unbounded connected coarse space X has geometric property (T) precisely if
it does not satisfy a version of amenability. First, we give two equivalent definitions of amenability
for connected coarse spaces. It is a generalisation of amenability for uniformly locally finite metric
spaces, as defined e.g. in [58].

Proposition 4.9.1. Let X be a connected coarse space and µ a uniformly bounded measure for
which a gordo set exists. The following are equivalent:

(i) There is a positive unital linear map φ : L∞X → C such that if (Ai) is a blocking collection
and f ∈ L∞X satisfies

∫
Ai
f = 0 for all i, and f is zero outside of the union

⊔
iAi, then

φ(f) = 0.

(ii) For each controlled measurable set E ⊆ X ×X and each ε > 0 there is a non-empty bounded
measurable U ⊆ X such that µ(EU ) ≤ (1 + ε)µ(U).

In this case, we say that X is amenable.

Proof. First assume (ii). Define the directed set

Λ = {(E, ε) | E ⊆ X ×X symmetric, measurable, controlled and containing the diagonal, ε > 0}

with (E, ε) ≥ (E′, ε′) if E ⊇ E′ and ε ≤ ε′. For each λ = (E, ε) ∈ Λ, choose a measurable set
Uλ ⊆ X such that µ(EUλ

) ≤ (1+ ε)µ(Uλ). Define φλ ∈ (L∞X)∗ by φλ(f) =
1

µ(Uλ)

∫
Uλ
f . Then the

φλ form a net in the unit ball of (L∞X)∗. By the Banach-Alaoglu theorem there is a limit point φ.
We will now show that φ satisfies the condition. So let (Ai) be a blocking collection and f ∈

L∞X such that
∫
Ai
f = 0 for all i and f is zero outside

⊔
iAi. Let E be the symmetric measurable

controlled set ⊔iAi × Ai ∪ {(x, x) | x ∈ X}. Let λ = (E′, ε) with E′ ⊇ E. Since EUλ
is a union

of some of the Ai and points outside of
⊔

iAi, we have
∫
EUλ

f = 0. Then φλ(f) =
1

µ(Uλ)

∫
Uλ
f =
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− 1
µ(Uλ)

∫
EUλ

\Uλ
f and |φλ(f)| ≤

µ(EUλ
\Uλ)

µ(Uλ)
·∥f∥∞ ≤ ε∥f∥∞. This shows that φλ(f) → 0 as λ→ ∞,

hence φ(f) = 0.
Conversely, assume (i). Let φ : L∞X → C be a positive unital linear map satisfying the con-

dition. Let E be a gordo set and assume for contradiction that there is ε > 0 such that for all
bounded measurable U ⊆ X we have µ(EU ) > (1 + ε)µ(U). Let (Ai) be a blocking collection with
union X, such that each Ai has measure at least ε′ > 0. We may assume without loss of generality
that E = {Ai × Aj | (Ai × Aj) ∩ E ̸= ∅}. Because of bounded geometry, we can use a colouring
argument to find involutions σ1, . . . , σN on the index set I such that EAi

= Aσ1(i) ∪ · · · ∪AσN (i) for
all i ∈ I. For 1 ≤ k ≤ N let Ek =

⊔
iAi ×Aσk(i). Note that ∆Ek can be viewed as an operator on

L1 and also as an operator on L∞X. For any f ∈ L∞X we have
∫
Ai∪Aσk(i)

∆Ekf = 0 for all i, so

by the condition on φ we have φ(∆Ekf) = 0. Equivalently, (∆Ek)∗φ = 0.
Let P(X) ⊆ L1X denote the positive measurable functions on X with integral 1. We can view

L1X as a subset of (L∞X)∗ using the standard pairing between L1X and L∞X. By the Goldstine
theorem, φ is in the weak closure of P(X). Note that (∆Ek)∗ is a weakly continuous function on
(L∞X)∗ and on L1X it is the same as ∆Ek . Therefore, 0 is in the weak closure of the convex set

{(∆Ekψ) | ψ ∈ P(X)} ⊆
N⊕

k=1

L1(X).

Since norm-closed convex sets are also weakly closed, it follows that 0 is also in the norm closure of
this set. So we can choose ψ ∈ P(X) such that all ∆Ekψ are small in the L1-norm. In particular,
we can choose ψ ∈ P(X) such that

∑
iMi ≤ η, where Mi = supk

∫
Ai

|∆Ekψ| and we will choose
the constant η > 0 later.

Let δ = 1
1+ 1

2 ε
< 1. For n ∈ Z define Un =

⊔
{Ai |

∫
Ai
ψ ≥ δnµ(Ai)}. Since

∫
X
ψ = 1,

the Un have bounded measure, they consist of finitely many of the Ai and they are bounded.
Moreover, Un = ∅ for n small enough. By assumption, we have µ(EUn) ≥ (1 + ε)µ(Un) for each
n. For each i, define ni as the minimal number such that Ai ⊆ EUni

and Ni as the maximal

number such that Ai ̸⊆ UNi (these may be ∞). Then
∫
Ai
ψ < δNiµ(Ai), and there is k such that∫

Aσk(i)
ψ ≥ δniµ(Aσk(i)). Now

Mi ≥
∫
Ai

|∆Ekψ| =
∫
Ai

∣∣∣∣∣µ(Aσk(i))ψ −
∫
Aσk(i)

ψ

∣∣∣∣∣ ≥ ε′(δni − δNi).

Define
Dn = EUn

\ Un+1 =
⊔

{Ai | ni ≤ n ≤ Ni − 1}.

Then∑
n

δnµ(Dn) =
∑
i

µ(Ai)

Ni−1∑
n=ni

δn =
1

1− δ

∑
i

µ(Ai)(δ
ni − δNi) ≤ 1

(1− δ)ε′

∑
i

Mi ≤
η

(1− δ)ε′
.

For all n we have
(1 + ε)µ(Un) ≤ µ(EUn) ≤ µ(Un+1) + µ(Dn).

Multiplying this inequality by δn on both sides and adding it for all n we get

(1 + ε)
∑
n

δnµ(Un) ≤
1

δ

∑
n

δnµ(Un) +
∑
n

δnµ(Dn),
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so

(1 + ε− 1

δ
)
∑
n

δnµ(Un) ≤
η

(1− δ)ε′

and ∑
n

δnµ(Un) ≤
2η

(1− δ)εε′
.

On the other hand, we have

1 =

∫
ψ =

∑
n

∫
Un+1\Un

ψ ≤
∑
n

δn(µ(Un+1)− µ(Un)) = (
1

δ
− 1)

∑
n

δnµ(Un).

Combining these inequalities gives 1 ≤ 2η
δεε′ . Picking η = δεε′

4 gives the desired contradiction.

The following proposition is a generalisation of [58, Proposition 6.1]. It gives several character-
isations of amenability of a coarse space X in terms of its algebra.

Proposition 4.9.2. Let X be a connected coarse space and µ a uniformly bounded measure for
which a gordo set exists. The following are equivalent:

(i) The space X is amenable.

(ii) There is a net ξλ of unit vectors in L2X satisfying
∥∥∥Tξλ −MΦ(T )ξλ

∥∥∥→ 0 for all T ∈ Ccs[X]

for which Φ(T ) is bounded.

(iii) For all T ∈ Ccs[X] with Φ(T ) = 0, we have 0 ∈ σ(T ).

(iv) For all gordo sets E, we have 0 ∈ σmax(∆
E).

(v) There is a unital representation H of Ccs[X] that has a non-zero constant vector.

(vi) There is a positive unital linear map φ : L∞X → C satisfying φ(Tf) = φ(Φ(T ∗) · f) for all
T ∈ Ccs[X] for which φ(T ∗) is bounded.

Proof. First, assume that X is amenable. We will use criterion (ii) from Proposition 4.9.1. As in
the proof of Proposition 4.9.1, define the directed set

Λ = {(E, ε) | E ⊆ X ×X gordo, ε > 0}

with (E, ε) ≥ (E′, ε′) if E ⊇ E′ and ε ≤ ε′. For each λ = (E, ε) ∈ Λ, choose a bounded measurable

subset Uλ ⊆ X such that µ((E ◦ E)Uλ
) ≤ (1 + ε)µ(Uλ). Define ξλ = µ(Uλ)

− 1
21Uλ

. This is a unit
vector in L2X.

Let T ∈ Ccs[X] such that Φ(T ) is bounded. We will show that
∥∥∥Tξλ −MΦ(T )ξλ

∥∥∥ → 0. We

can assume without loss of generality that Φ(T ) = 0. Let T be supported on E, let E′ ⊇ E
and ε > 0. Then for λ = (E′, ε), the function ξλ is constant on EX\Uλ

, so Tξλ is supported on
EUλ

. Since T1(E◦E)Uλ
is zero on EUλ

, we know that Tξλ is the restriction to EUλ
of −Tηλ, where

ηλ = µ(Uλ)
− 1

21(E◦E)Uλ
\Uλ

. Now

∥Tξλ∥ ≤∥Tηλ∥ ≤∥T∥ ·∥ηλ∥ =∥T∥µ(Uλ)
− 1

2µ((E ◦ E)Uλ
\ Uλ)

1
2 ≤∥T∥ · ε 1

2 ,
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so indeed Tξλ → 0.
The implications (ii) =⇒ (iii) =⇒ (iv) are trivial.
Suppose (iv) is true. Let Λ be the set

{(E, ε) | E ⊆ X ×X measurable controlled, ε > 0}.

We equip this with the partial order (E, ε) ≥ (E′, ε′) if E ⊇ E′ and ε ≤ ε′. Then Λ is a directed
set. Let U be an ultrafilter on P(Λ) containing {λ′ ≥ λ} for each λ ∈ Λ. By assumption, for
every λ = (E, ε) ∈ Λ there is a representation Hλ of Ccs[X] and a unit vector vλ ∈ Hλ satisfying∥∥∆Evλ

∥∥ ≤ ε. Note that for λ′ ≥ λ we also have
∥∥∆Evλ′

∥∥ ≤ ε. Now let H =
∏

λ∈Λ Hλ/U be the
ultraproduct of the Hλ and let v = limU vλ ∈ H. Then v is a unit vector and for each measurable
controlled set E we have ∆Ev = limU ∆Evλ = 0. By Lemma 4.7.4, v is a constant vector, showing
(iv) =⇒ (v).

For (v) =⇒ (vi), let v ∈ H be a constant vector of norm 1 and define φ : L∞X → C by
φ(f) = ⟨Mfv, v⟩. Then φ is a positive unital linear map and for all f ∈ L∞X and T ∈ Ccs[X] such
that Φ(T ∗) is bounded, we have

φ(Tf) = ⟨MΦ(TMf )v, v⟩ = ⟨TMfv, v⟩ = ⟨Mfv,MΦ(T∗)v⟩ = ⟨M
Φ(T∗)·fv, v⟩ = φ(Φ(T ∗) · f).

Finally, for (vi) =⇒ (i), let φ : L∞X → C be a positive unital linear map satisfying φ(Tf) =
φ(Φ(T ∗) · f) for all T ∈ Ccs[X] such that Φ(T ∗) is bounded. Let (Ai) be a blocking collection and
E =

⊔
iAi ×Ai. Let f ∈ L∞X be a function such that

∫
Ai
f = 0 for all i, and f is zero outside of⊔

iAi. Then ∆Ef = f and φ(∆E) = 0, so φ(f) = φ(∆Ef) = 0. Therefore, X is amenable (using
part (i) of Proposition 4.9.1).

Remark 4.9.3. If E′ is as in proposition 4.7.9, the properties in Theorem 4.9.2 are also equivalent
to 0 ∈ σmax(∆

E′
).

Now we can give the generalisation of [58, Corollary 6.1].

Theorem 4.B. Let X be a connected coarse space and let µ be a uniformly bounded measure for
which a gordo set exists. If X is bounded, then it is amenable and has geometric property (T). If
X is unbounded, it has geometric property (T) if and only if it is not amenable.

Proof. If X is bounded, we have already shown that it has geometric property (T), and it is
amenable because 1X ∈ L2X is a constant vector in the standard representation.

Suppose that X is unbounded and not amenable. Then there is a gordo set E such that
0 ̸∈ σmax(∆

E). Then for all representations (ρ,H) of Ccs[X] we have ker(ρ(∆E)) = Hc = ∅ and
∆E has spectral gap. By proposition 4.7.6 the space X has geometric property (T).

Suppose that X is unbounded, has geometric property (T) and is amenable. By Proposition
4.7.6 there is a measurable controlled set E such that for all representations (ρ,H) of Ccs[X], we
have Hc = ker(ρ(∆E)), and ∆E has spectral gap. Since X is amenable, we have 0 ∈ σ(∆E), but
then 0 is an isolated point in the spectrum of ∆E ∈ B(L2X). So there is a non-zero ξ ∈ ker(∆E),
which is then a constant vector. Since ξ ∈ L2X and X is unbounded, ξ can not be constant as a
function. So there are measurable sets A,B ⊆ X of positive measure such that the convex hulls of
ξ(A) and ξ(B) are disjoint. If we intersect A with all of the members of a blocking collection, one of
the intersections must have positive measure, since blocking collections are countable. Therefore,
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we can assume that A is bounded, and similarly, that B is bounded. Since X is connected, A ∪B
is also bounded. Let T ∈ Ccs[X] be the operator defined by

Tη(x) =

{
1

µ(B)

∫
B
η − 1

µ(A)

∫
A
η if x ∈ A;

0 otherwise.

Then Φ(T ) = 0 but Tξ ̸= 0, hence ξ is not a constant vector and we have a contradiction.

Corollary 4.9.4. Amenability for connected coarse spaces of bounded geometry does not depend
on the measure chosen and is a coarse invariant.

Proof. This follows from Theorem 4.A and Theorem 4.B. It is also straightforward to show it
directly, using criterion (ii) of Proposition 4.9.1.

4.10 Manifolds

Let (M, g) be an n-dimensional complete Riemannian manifold, not necessarily connected. Consider
the geodesic distance d and volume µ. The metric d defines a coarse structure on M , where
E ⊆ M ×M is controlled if sup(x,y)∈E d(x, y) < ∞. For any R > 0 let ER be the controlled set
{(x, y) ∈ M ×M | d(x, y) ≤ R}. Let B(x,R) = (ER)x denote the ball of radius R around a point
x ∈M . In [20], it is defined that M has bounded geometry if the injectivity radius is positive, and
the Ricci curvature is bounded below (by a possibly negative constant). In this section, we assume
that this is the case.

By Bishop’s inequality (see [17, Theorem 3.101.i]) there are constants B,B′ > 0 such that
µ(B(x,R)) ≤ B exp(B′R) for every x ∈M and R > 0. Hence, the measure µ is uniformly bounded.
There are also R,A > 0 such that µ(B(x,R)) ≥ A for all x ∈ M , by [9, Proposition 14] (the
Proposition is stated for compact manifolds, but the proof works just as well in the non-compact
case if the injectivity radius is positive). In particular, the controlled set ER is gordo, so we can
conclude that the manifold M has bounded geometry as a coarse space.

Let ∆M be the (positive) Laplacian operator on M and let ∆H = 1 − exp(−∆M ). Since the
spectrum of ∆M is contained in [0,∞], the spectrum of ∆H is contained in [0, 1]. In particular, ∆H

is a bounded operator. We can write

∆Hf(x) = f(x)−
∫
M

p(x, y)f(y)dµ(y)

where p(x, y) is the heat kernel on M . We need some estimates on this function.

Lemma 4.10.1. (i) There are constants c,R > 0 such that p(x, y) ≥ c whenever d(x, y) ≤ R.

(ii) The manifold is stochastically complete: for every x ∈M we have
∫
M
p(x, y)dµ(y) = 1.

(iii) For every ε > 0 there is an R such that
∫
B(x,R)

p(x, y)dµ(y) ≥ 1− ε for all x ∈M .

Proof. (i) This follows from [20, Equation 7.43].

(ii) This follows from [20, Theorem 3.4] and the bound on µ(B(x,R)) given above.
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(iii) The conditions of [20, Equation 6.40] are met, so there are constants C,D > 0 such that

p(x, y) ≤ C exp

(
−d(x, y)2

D

)

for all x, y ∈M . Now for any x ∈M and R > 0 we have∫
M\B(x,R)

p(x, y)dµ(y) ≤ C

∫
M\B(x,R)

exp

(
−d(x, y)2

D

)
dµ(y)

≤ C

∫ ∞

R

2r

D
exp

(
−r2

D

)
Vr(x)dr

≤ 2BC

D

∫ ∞

R

rn+1 exp

(
−r2

D

)
dr.

As this last integral converges, we know that for every ε > 0 there is an R > 0 such that∫
M\B(x,R)

p(x, y)dµ(y) ≤ ε. Then by part (ii) we get
∫
Bx,R

p(x, y)dµ(y) ≥ 1− ε for all x ∈M .

Lemma 4.10.2. We have ∆H ∈ C∗
max(M).

Proof. For any R > 0 let ∆HR ∈ Ccs[M ] be the operator defined by

∆HRf(x) =

∫
B(x,R)

p(x, y)(f(x)− f(y))dµ(y).

Then for R′ > R we have

(∆HR′ −∆HR)f(x) =

∫
B(x,R′)\B(x,R)

p(x, y)(f(x)− f(y))dµ(y).

For large enough R we have
∫
M\B(x,R)

p(x, y)dµ(y) ≤ ε. Then we have

⟨(∆HR′ −∆HR)ξ, ξ⟩ =
1

2

∫
{(x,y)∈M2|R<d(x,y)≤R′}

p(x, y)|ξ(x)− ξ(y)|2d(µ× µ)(x, y) ≤ 2ε∥ξ∥2 .

So
0 ≤max ∆HR′ −∆HR ≤max 2ε.

Therefore the ∆HR form a Cauchy sequence in Ccs[M ] with the maximal norm, and they converge
to ∆H .

For any R > 0 let ∆R = ∆ER . We will use the estimates of the heat kernel from Lemma 4.10.1
to prove estimates on ∆H in terms of the ∆R.

Lemma 4.10.3. We have the following estimates on ∆H :

(i) There are constants c,R > 0 such that ∆H ≥max c∆R.
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(ii) For every ε > 0 there are constants d,R > 0 such that ∆H ≤max ε+ d∆R.

Proof. (i) Take the same constants c,R as in Lemma 4.10.1 part (i). Then

(∆H − c∆R)f(x) =

∫
M

α(x, y)(f(x)− f(y))dµ(y),

where α(x, y) = p(x, y) if d(x, y) > R and α(x, y) = p(x, y) − c if d(x, y) ≤ R. Since α ≥ 0
everywhere we have ∆H ≥max c∆R.

(ii) Let ∆HR be as in the proof of Lemma 4.10.2. There is a large enough R such that ∆H ≤max

ε +∆HR. The function p(x, y) is bounded from above by some constant d, and then we get
∆HR ≤max d∆R.

For any representation H of C∗
max(M), we can consider the unbounded symmetric operator

∆M = − log(1 − ∆H) on H. We say that ∆M has spectral gap if there is a constant γ > 0 such
that the spectrum of this operator is contained in {0} ∪ [γ,∞) for each representation H.

Theorem 4.C. Let (M, g) be a Riemannian manifold of bounded geometry equipped with the
coarse structure coming from the geodesic metric. Then M has geometric property (T) if and only
if the Laplacian ∆M has spectral gap in C∗

max(M).

Proof. For any R > 0, the controlled set ER generates the coarse structure on M and is gordo. So
we can apply Proposition 4.7.9 to see that M has geometric property (T) if and only if ∆R has
spectral gap. Clearly, ∆H has spectral gap if and only if ∆M has spectral gap. For the remainder
of the proof, we use the estimates of Lemma 4.10.3.

Suppose that M has geometric property (T). By Lemma 4.10.1 part (i), there are constants
c,R > 0 such that ∆H ≥ c∆R. Now ∆R has spectral gap, and so does ∆H , and also ∆M .

Suppose that ∆H has spectral gap. There is ε > 0 such that σmax(∆H) ⊆ {0} ∪ [2ε,∞). By
Lemma 4.10.1 part (ii) there are b, R > 0 such that ∆H ≤ ε+ b∆R. Then ∆R has spectral gap, so
M has geometric property (T).

4.11 Warped systems

Let Γ be a finitely generated group with finite generating set S. Let (M, g) be a compact Riemannian
manifold. Let d be the distance function on M and µ the measure on M defined by the metric
g. Let α : Γ ↷ M be an action by diffeomorphisms. Let CM = M × {1, 2, . . .} be the discrete
cone. This is equipped with the Riemannian metric gC that is t · g on Mt = M × {t}. Let dC be
the corresponding distance function, given by dC(x, y) = t · d(x, y) when x, y ∈ Mt = M × {t} and
dC(x, y) = ∞ if x, y are in different Mt. Now define the warped system Warp(Γ ↷M) as the space
CM equipped with the largest metric δΓ for which δΓ(x, y) ≤ dC(x, y) and δΓ(x, s · x) ≤ 1 for all
s ∈ Γ and x, y ∈ CM . We will consider Warp(Γ ↷M) as a coarse space.

In [53], it is shown that that X = Warp(Γ ↷M) does not depend on the generating set of Γ as
a coarse space. It is also coarsely equivalent to the coarse disjoint union

⊔
t∈ZM ×{t} of subspaces

of the warped cone as introduced by Roe in [45] (see [53, Lemma 6.5]).
Let µ be the measure on X defined through the Riemannian metric gC . Since the manifold M

is compact, the injectivity radius is positive and the Ricci curvature is bounded below. It follows as
in the previous section that FR = {(x, y) ∈ X ×X | dC(x, y) ≤ R} is gordo for any R > 0, and that
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its balls are uniformly bounded. By Lemma 4.11.7 below, it follows that µ is uniformly bounded.
In particular, X has bounded geometry.

Let ∆Γ =
∑

s∈S 1 − s ∈ C[Γ]. This can also be viewed as an element in Ccs[X]. In [53], it is
shown that a uniformly locally finite, coarsely dense subspace of X is a family of expanders if and
only if there is a constant γ > 0 such that ⟨∆Γξ, ξ⟩ ≥ γ∥ξ∥2 for all ξ ∈ L2M with

∫
M
ξdµ = 0. We

want to consider when these graphs have geometric property (T), or equivalently by Theorem 4.A,
when X has geometric property (T).

Definition 4.11.1. Let Γ be a group and (M,µ) a measure space. Let α : Γ ↷M be a measurable
action. The action is called ergodic if the only measurable Γ-invariant subsets of M are the empty
set and M itself.

If Γ has property (T) and the action on M is ergodic, we might expect the warped system X
to have geometric property (T). At the moment, this is an open question.

Question 4.11.2. Suppose Γ has property (T) and the action α : Γ ↷M is ergodic. Does X have
geometric property (T)?

The measure-preserving action of Γ on M gives a map Γ → U(L2X) given by g · ξ(x) = ξ(g−1x)
for g ∈ Γ, ξ ∈ L2X. The image is contained in Ccs[X]. Then the map Γ → Ccs[X] gives rise
to a map C[Γ] → Ccs[X]. Now every representation of Ccs[X] pulls back to a representation of
C[Γ], therefore the map C[Γ] → Ccs[X] is contracting for the maximal norms. So it induces a map
C∗

max(Γ) → C∗
max(X). If Γ has property (T), then we know that ∆Γ has spectral gap in C∗

max(Γ).
So the image of ∆Γ also has spectral gap in C∗

max(X). If ker(ρ(∆)) = Hc for any representation
(ρ,H) of Ccs[X], then we can conclude that X has property (T) by Proposition 4.7.6. We can prove
the following partial result.

Lemma 4.11.3. Suppose that Γ has property (T) and the action α : Γ ↷M is ergodic. Let H be a
representation of Ccs[X], and v ∈ H such that ∆Γv = 0. For any f ∈ L∞X such that

∫
Xt
fdµ = 0

for all t ∈ N, we have ⟨Mfv, v⟩ = 0.

Proof. We can assume without loss of generality that v is a unit vector.

The composition Γ
α−→ Ccs[X]

ρ−→ B(H) gives an action of Γ on H, still denoted by α. For any

s ∈ S, we have
∥∥(1− αs)v

∥∥2 = ⟨(1−α∗
s)(1−αs)v, v⟩ = ⟨(2−αs −α∗

s)v, v⟩. Since 2−αs −α∗
s ≤ ∆Γ

it follows that (1− αs)v = 0. So v is Γ-invariant.
Now define φ ∈ (L∞X)∗ by φ(f) = ⟨Mfv, v⟩. Note that φ is a mean on L∞X. Moreover, φ is

Γ-invariant: for any g ∈ Γ, f ∈ L∞X we have

φ(αgf) = ⟨Mαgfv, v⟩ = ⟨αgMfα
∗
gv⟩ = ⟨Mfv, v⟩ = φ(f).

Let P(X) = {ψ ∈ L1X | ψ ≥ 0,
∫
X
ψdµ = 1}. By the Goldstine theorem, φ is in the weak closure

of P(X). Let f ∈ L∞X such that
∫
Xt
fdµ = 0 for all t ∈ N. Let ε > 0. Then 0 is in the weak

closure of the convex set((1− αs)ψ) ∈
∑
s∈S

L1X | ψ ∈ P(X), |ψ(f)− φ(f)| < ε

 .

Since norm-closed convex sets are also weakly closed, 0 is also in the norm closure of the set above.
Hence there is ψ ∈ P(X) with |ψ(f) − φ(f)| < ε and

∥∥(1− αs)ψ
∥∥
1
< ε for all s ∈ S. Now let
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ξ = ψ
1
2 ∈ L2X. This is a unit vector satisfying∥∥(1− αs)ξ

∥∥2
2
=

∫
X

(ξ(s · x)− ξ(x))2dµ(x) ≤
∫
X

|ξ(s · x)2 − ξ(x)2| =
∥∥(1− αs)ψ

∥∥
1
< ε

for all s ∈ S. Then ∥∆Γξ∥2 ≤ ε
1
2 |S|. Let ξc ∈ L2X be the locally constant function defined by

ξc(x) = 1
µ(Xt)

∫
Xt
ξ for x ∈ Xt. There is γ > 0 such that σ(∆Γ) ⊆ {0} ∪ [γ,∞). Now ξ − ξc

is perpendicular to the locally constant functions, and the locally constant functions are the only
Γ-invariant functions in L2X, since the action of Γ is ergodic. From

∥∥∆Γ(ξ − ξc)
∥∥
2
≤ ε

1
2 |S| it now

follows that
∥∥(ξ − ξc)

∥∥
2
≤ γ−1ε

1
2 |S|. Now

|φ(f)| ≤ |ψ(f)|+ ε

=

∣∣∣∣∫
X

ξ(x)2f(x)dµ(x)

∣∣∣∣+ ε

=

∣∣∣∣∫
X

(ξ(x)− ξc(x))
2f(x)dµ(x)

∣∣∣∣+ 2

∣∣∣∣∫
X

(ξ(x)− ξc(x))ξc(x)f(x)dµ(x)

∣∣∣∣+ ε

≤ γ−2ε|S|2 ·∥f∥∞ + γ−1ε
1
2 |S| ·∥f∥∞ + ε.

Since this holds for any ε > 0, we conclude that φ(f) = 0.

Remark 4.11.4. In the above, we only used that σ(∆Γ) ⊆ {0} ∪ [γ,∞) instead of the stronger
condition σmax(∆Γ) ⊆ {0} ∪ [γ,∞).

Remark 4.11.5. To see why the Lemma is progress to the Question, consider that we have to prove
that every v ∈ ker(ρ(∆Γ)) is constant. For this we can assume that v ∈ H⊥

c , and try to show that
it is in fact 0. Now from the Lemma it follows that in this case, we have v ∈ (ρ(L∞X)Hc)

⊥, in
other words, v is a vector that is in some way quite far from being constant.

To see this, consider f ∈ L∞X and w ∈ Hc. We can write f = fc + g with fc constant on each
component of X and

∫
Xt
gdµ = 0 for all g. For all t ∈ C we have v + tw ∈ ker(ρ(∆Γ)), so by the

Lemma, we have ⟨Mg(v + tw), v + tw⟩ = 0. Using some different values of t gives ⟨v,Mgw⟩ = 0.
Also ⟨v,Mfcw⟩ = 0 since Mfcw is a constant vector. So ⟨v,Mfw⟩ = 0.

The converse is also an open question.

Question 4.11.6. Suppose the action α is free and X has geometric property (T). Is it necessary
that Γ has property (T) and that the action is ergodic?

We have some partial results on this question. Before we state them, we give some preliminary
results.

Lemma 4.11.7. For R > 0 and g ∈ Γ define the controlled sets ER = {(x, y) ∈ X | δΓ(x, y) ≤
R}, Eg = {(g · x, x) | x ∈ X} and FR = {(x, y) ∈ X | dC(x, y) ≤ R}. For any R > 0 there is R′ > 0
such that ER ⊆

⋃
g∈S⌊R⌋ FR′ ◦ Eg.

Proof. For any s ∈ S the mapM →M, x→ s·x is Lipschitz. So there is a constant L > 0 such that
dC(s · x, s · y) ≤ L · dC(x, y). Let R′ = LRR. For any (y, x) ∈ ER, there are x0 = x, x1, . . . , xn ∈ X
and y0, y1, . . . , yn = y ∈ X and s1, s2, . . . , sn ∈ S such that skyk−1 = xk for k = 1, 2, . . . , n and

n+ dC(x0, y0) + . . .+ dC(xn, yn) ≤ R.
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It follows by induction that

dC(sk · · · s2 · s1x0, yk) ≤ LkdC(x0, y0) + . . .+ LdC(xk−1, yk−1) + dC(xk, yk).

In particular

dC(g · x, y) ≤ LndC(x0, y0) + . . .+ LdC(xn−1, yn−1) + dC(xn, yn) ≤ LRR = R′

for g = sn · · · s2 · s1. Now (g · x, x) ∈ Eg and (y, g · x) ∈ FR′ so (y, x) ∈ FR′ ◦ Eg. Since g ∈ S⌊R⌋

this shows that
ER ⊆

⋃
g∈S⌊R⌋

FR′ ◦ Eg.

Note that I =
⊕

t∈NB(L2Xt) is a two-sided ideal in Ccs[X].

Lemma 4.11.8. Suppose that the action α is free. Then Ccs[X]/I is naturally isomorphic to the
algebraic cross product Ccs[CM ]/I ⋊ Γ.

Proof. The natural map Ccs[CM ]⋊ Γ → Ccs[X] descends to Ccs[CM ]/I ⋊ Γ → Ccs[X]/I.
To show that it is surjective, let T ∈ Ccs[X]. Then T is supported on ER for some integer R > 0.

By Lemma 4.11.7, there is R′ > 0 such that ER ⊆
⋃

g∈SR FR′Eg. We can use this decomposition
to write T as a finite sum T =

∑
g Agαg, with Ag ∈ Ccs[CM ] showing that the map is indeed

surjective.
For injectivity, suppose that

∑
g∈B Agαg ∈ I, with B ⊂ Γ finite and Ag ∈ Ccs[CM ]. Then we

will show that Ag ∈ I for all g ∈ B. We may as well assume that
∑

g∈B Agαg = 0. Since the action
is free and by homeomorphisms, for any g ∈ Γ we have minx∈M d(g ·x, x) > 0. There is some R > 0
such that all Ag are supported on FR. Now let T = 2R

ming ̸=h∈B minx∈M d(gh−1·x,x) . For any g ∈ B

we know that Agαg is supported on FREg. We also have Agαg = −
∑

h∈B\{g}Ahαh, so Agαg is

supported on FREg ∩
⋃

h∈B\{g} FREh. Suppose that (x, y) ∈ FREg ∩ FREh. Then dC(x, g · y) ≤ R

and dC(x, h · y) ≤ R, so dC(g · y, h · y) ≤ 2R. For some t we have x, y ∈ Xt and then dC(g · y, h · y) ≥
t · minz∈M d(gh−1 · z, z) ≥ 2Rt

T . So t ≤ T . Hence we have FREg ∩ FREh ⊆
⋃

t≤T Xt × Xt, and
FREg ∩

⋃
h∈B\{g} FREh ⊆

⋃
t≤T Xt×Xt. So Agαg is supported on

⋃
t≤T Xt×Xt, and we conclude

that Ag ∈
⊕

t∈NB(L2Xt).

Lemma 4.11.9. Suppose the action α is free. Then the natural map C∗
max(Γ) → C∗

max(X) is an
injection.

Proof. The proof is similar to the proof of [58, Lemma 7.1]. Let I denote the closure of I in C∗
max(X).

The previous lemma gives Ccs[X]/I ∼= Ccs[CM ]/I ⋊ Γ, hence C∗
max(X)/I ∼= C∗

max(CM)/I ⋊max Γ.
Now it suffices to prove that the composition

C∗
max(Γ) → C∗

max(X) → C∗
max(X)/I ∼= C∗

max(CM)/I ⋊max Γ

is injective.
For any t ∈ N define the map φt : Ccs[CM ] → C by φt(T ) = 1

µ(Xt)
⟨1Xt , T1Xt⟩. This extends

to a positive unital map φt : C
∗
max(CM) → C. Let φ be a limit point of these maps. Then

φ : C∗
max(CM)/I → C is a ucp map. Since maximal crossed products are functorial for ucp maps, this

gives a map C∗
max(CM)/I⋊max Γ → C∗

max(Γ). Now the composition C∗
max(Γ) → C∗

max(CM)/I⋊max

Γ → C∗
max(Γ) is the identity, so the first map is an injection.
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As a result, we get that for free actions, ∆Γ has spectral gap in C∗
max(X) if and only if Γ has

property (T). So if Γ does not have property (T), for any ε > 0, there is some representation (ρ,H)
and a unit vector v ∈ H⊥

c with ∥∆Γv∥ < ε. Suppose that ∥∆Rv∥ < 1 for some 0 < R < 1. Then
one can show that ∥∆Rv∥ → 0 as R → 0. Let u : L2X → L2X be given by u(ξ)(x, t) = ξ(x, 2t).
Precomposing the representation ρ by the map τ : Ccs[X] → Ccs[X], τ(T ) = uTu∗ multiple times
gives vectors v0 = v, v1, . . . such that ∥∆Γvn∥ < ε and ∥∆Rvn∥ < ε. In this case it follows that X
does not have geometric property (T). A similar strategy would work for non-ergodic actions. The
main obstacle is, that there may be vectors v for which ∥∆Rv∥ = 1 for all 0 < R < 1.
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5 Fixed point properties for bornological groups

This chapter is based on the preprint [51], which is joint work with Romain Tessera. Large parts
of it are reproduced verbatim.

Chapter summary

We investigate fixed point properties for isometric actions of topological groups on a wide
class of metric spaces, with a particular emphasis on Hilbert spaces. Instead of requiring the
action to be continuous, we assume that it is “controlled”, i.e. compatible with respect to
some natural left-invariant coarse structure. For locally compact groups, we prove that these
coarse fixed point properties are equivalent to the usual ones, defined for continuous actions.
We deduce generalisations of two results of Gromov originally stated for discrete groups. For
Polish groups with bounded geometry (in the sense of Rosendal), we prove a version of Serre’s
theorem on the stability of coarse property FH under central extensions. As an application we
prove that the group Homeo+Z (R) has property FH. Finally, we characterise geometric property
(T) for sequences of finite Cayley graphs in terms of coarse property FH of a certain group.

5.1 Introduction and main results

In this chapter we investigate rigidity properties of bornological groups (see Section 2.1.3). There
is a natural notion of controlled isometric action of a bornological group on a metric space (see
Definition 5.1.2). Given a class X of metric spaces, we say that a bornological group G has coarse
property FX if every controlled action of G on a space from X admits a fixed point. For a topological
group G (which we always assume to be Hausdorff), we shall say that G has topological property
FX if every continuous isometric action of G on any space in X has a fixed point.

We shall work with metric spaces satisfying a certain convexity property: uniformly convex
metric spaces (see Definition 5.2.1). This is motivated by the fact that such spaces admit a natural
notion of centre for bounded sets (see Lemma 5.2.2). This class encompasses a wide family of
complete geodesic metric spaces such as uniformly convex (real) Banach spaces (in particular Lp-
spaces for 1 < p < ∞) and CAT(0) spaces. We recall that by the Mazur-Ulam theorem, isometric
actions on Banach spaces are affine.

This introduction is organised as follows.

– First, in §5.1.1, we introduce the bornology OB associated to a topological group (G, τ). We
also define a coarse version of Kazhdan’s property (T), and we state the relevant version of
the Delorme-Guichardet theorem relating coarse property (T) and coarse property FH.

– In §5.1.2, we state our main result regarding locally compact groups, which roughly says that
topological and coarse fixed point properties coincide. We use it to extend two theorems, that
were originally proved by Gromov for discrete groups, to locally compact groups.

– In §5.1.3, we consider bornological groups with bounded geometry. Besides locally compact
groups this class contains interesting examples of Polish groups studied by Rosendal [46]. We
prove an analogue of Serre’s theorem on the stability of property (T) under central exten-
sions for bornological groups with bounded geometry. We apply this to prove that certain
Polish groups which are quasi-isometric to Z, such as Homeo+Z (R), have coarse (and therefore
topological) property FH.
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– In §5.1.4, we consider a topological group naturally associated to a sequence of Cayley graphs
of finite groups. We show that topological and coarse property (T) of this group encode
expansion and geometric property (T) (in the sense of Willett and Yu) respectively.

5.1.1 Bornological groups

Recall from Example 2.1.16 that any topological group (G, τ) has an associated pre-compact bornol-
ogy K, consisting of all pre-compact subsets of G. There is another natural bornology on G.

Definition 5.1.1. (i) Let σ : G↷X be an isometric action of a group G on a metric space X.
Then Bσ consisting of all subsets A such that σ(A) · x has finite diameter for all x ∈ X is a
bornology.

(ii) Let (G, τ) be a topological group. We can also make it a bornological group with the bornology
OB = ∩σBσ, where σ runs over all continuous isometric actions on metric spaces.

This bornology has been introduced in [46] (see Definition 5.3.3 for more details). For sigma-
compact locally compact groups, K = OB.

Definition 5.1.2. Let (G,B) be a bornological group. An isometric action σ : G↷X is called
controlled if B ⊆ Bσ, i.e. for A ∈ B, σ(A) has bounded orbits. A bornological group has coarse
property FX if all its controlled isometric actions on X have a fixed point.

Note that a norm-preserving representation on a Banach space is automatically controlled (since
orbits are obviously bounded).

We now proceed to define a convenient notion of property (T) for bornological groups. We
recall that all unitary representations are controlled, so we will not impose any restriction on them.
However, we need to specify the meaning of “almost” invariant vectors. For simplicity, we focus on
Hilbert spaces in the introduction (see Definition 5.3.11 for a more general treatment).

Definition 5.1.3. Let G be a bornological group. A representation π : G → U(H) has almost
invariant vectors if for each ε > 0 and bounded A ⊆ G, there is a unit vector v ∈ H such that
supa∈A

∥∥π(a)v − v
∥∥ < ε.

Definition 5.1.4. A bornological group G has coarse property (T) if every representation with
almost invariant vectors has an invariant vector.

Adapting the proof of Delorme and Guichardet’s famous theorem, we prove that coarse property
(T) implies coarse property FH, and the converse is true if the bornology is generated by a single
bounded set (see Theorem 5.5.1).

5.1.2 The case of locally compact groups

The following result says that under a mild assumption, when studying isometric actions of topo-
logical groups on uniformly convex metric spaces, one can restrict to continuous ones.

Proposition 5.1.5 (see §5.3.1). Let G be a topological group and let U be an open neighbourhood
of the identity. Let X be a uniformly convex metric space. Let α : G ↷ X be an isometric action.
Let c > 0 and suppose there is x ∈ X such that d(α(g)x, x) ≤ c for all g ∈ U . Then there is y ∈ X
with d(x, y) ≤ 2c, such that the restriction of α to the closed convex hull of α(G)y is continuous.
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If X is a Banach space, then the closed convex hull of α(G)y can be replaced by the closed
vector subspace spanned by α(G)y in the proposition. We refer to the discussion in §5.7 for a
cohomological interpretation of Proposition 5.1.5 in the case where X is a Banach space.

We give two different proofs of this result, both based on certain notions of centres (see §5.2).
One of them only applies to actions of locally compact groups on uniformly convex Banach spaces.
However, this one exploits a new notion of centre of a finitely additive measure, which we believe
could be useful for future applications.

Proposition 5.1.5 has the following consequence, formulated in terms of bornological groups.

Theorem 5.A (See Corollary 5.3.14). Let X be a uniformly convex metric space. Equipped with
the precompact bornology, a locally compact group G has topological property FX if and only if it
has coarse property FX.

Note that coarse property FX is obviously stronger than topological property FX, hence The-
orem 5.A is really about the other implication. Similar statements can be derived for properties
defined in terms of norm-preserving representations (see Corollary 5.3.13).

We now present two consequences, which are new in general for locally compact groups, but
are due to Gromov [21, 3.8.B] for discrete groups. Before stating them, we will make the following
standing assumption on a family X of metric spaces:
(*) They must consist of uniformly convex spaces and be stable under the following natural op-
erations: ultraproducts; rescaling of the metric; taking closed geodesically convex subspaces (resp.
closed vector subspaces when working with Banach spaces).

The main examples one can have in mind are the following classes:

(i) the class of Hilbert spaces;

(ii) the class of closed subspaces of Lp-spaces, for a fixed 1 < p <∞;

(iii) more generally: any class of uniformly convex Banach spaces which is stable under ultraprod-
ucts;

(iv) the class of CAT(0) spaces;

(v) the class of R-trees.

Theorem 5.B (See Theorem 5.4.12). Let X be a family of uniformly convex metric spaces, closed
under taking rescaled ultraproducts and closed under taking closed convex subspaces. Let G be
a compactly generated locally compact group such that every continuous isometric action on an
element of X has almost fixed points. Then G has property FX .

This theorem was proved by Shalom [48, Theorem 6.1] for isometric actions of locally compact
groups on Hilbert spaces (Shalom states it in terms of reduced cohomology).

Theorem 5.C (See Theorem 5.4.15). Let X be a family of uniformly convex metric spaces, closed
under taking rescaled ultraproducts and closed under taking closed convex subspaces. Let G be
a compactly generated locally compact group with property FX . Then there exists a compactly
presented locally compact group G′ with property FX , and a continuous surjective homomorphism
G′ → G with discrete kernel.

Two remarks are in order:
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– Theorems 5.B and 5.C have natural versions for bornological groups: see Corollary 5.4.5 and
Theorem 5.4.7.

– Theorem 5.C is a special case of a more general result saying that property FX is open in the
relevant marked group topology for locally compact compactly generated groups (see Theorem
5.4.13).

As a special case, we recover the following known result.

Corollary 5.1.6. Let G be a locally compact group with property (T). Then there exists a compactly
presented locally compact group G′ with property (T), and a continuous surjective homomorphism
G′ → G with discrete kernel.

Corollary 5.1.6 has been proved by Shalom [48, Theorem 6.7] for discrete groups. It has later
been proved by Fisher and Margulis for locally compact groups [15, Theorem 2.4.]. Recently, de la
Salle proved a version of Theorem 5.C for isometric actions of locally compact groups on certain
families of Banach spaces [47, Corollary 5.13.]. Like ours, the previous proofs are based on an
ultralimit argument. A difficulty comes from the fact that when defined näıvely, an ultralimit of
isometric actions may not be continuous. However, it remains easy to ensure that orbits of compact
sets are bounded, so in our case, we simply can apply Theorem 5.A to replace it by a continuous
one. The main interest of our proof is that it applies to isometric actions on non-linear geodesic
metric spaces.

5.1.3 Bornological groups with bounded geometry

We now consider a property of bornological groups which can be seen a coarse analogue of being
locally compact for topological groups.

Definition 5.1.7. A bornological group G has bounded geometry if there is a bounded set C such
that all bounded sets A can be covered by finitely many left translates of C. Such a C is called
gordo if it is also symmetric.

Remark 5.1.8. It is easy to see that G has bounded geometry precisely if it has bounded geometry
as a coarse space with the induced left-invariant coarse structure (cf. Definition 4.3.3).

Remark 5.1.9. If C is gordo, then all bounded sets A can also be covered by finitely many right
translates of C, for if A−1 ⊆ g1C ∪ · · · ∪ gkC then A ⊆ C−1g−1

1 ∪ · · · ∪ C−1g−1
k .

Remark 5.1.10. If a bornological group G is such that its bornology is generated by a bounded set
S, then its bounded structure coincides with Bσ where σ is the action of G on its Cayley graph
Cay(G,S). In other words, its coarse structure is the one associated with the left-invariant word
metric associated to S. Moreover G has bounded geometry if and only if Sn is contained in a union
of finitely many left-translates of S for all n ≥ 1.

Equipped with the bornology K, a locally compact group has bounded geometry: a gordo set is
given by any symmetric compact neighbourhood of the identity. More generally, any subgroup H of
a locally compact group G, equipped with the induced bornology from G, has bounded geometry.

A more interesting source of examples are Polish groups with bounded geometry in the sense of
Rosendal [46, Chapter 5]. Lots of explicit examples can be obtained from [38, Theorem 3], and we
will see one of them shortly.
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Recall that by a well-known theorem of Serre, if we have short exact sequence of locally compact
groups

1 → C → G→ Q→ 1,

such that Q has (T), and C is central and contained in [G,G], then G has (T) [5, Theorem 1.7.11].
A more general version of this result holds for property FE where E is any class of uniformly convex
Banach space which is stable under ultraproduct [11, Theorem 6.3.]. We do not know whether [11,
Theorem 6.3.] holds for all bornological groups. However, we are able to prove a version of Serre’s
theorem for bornological groups with bounded geometry. For A,B subsets of a coarse group G, we
say that A is coarsely contained in B if there is a bounded C ⊆ G with A ⊆ C ·B.

Theorem 5.D (See Theorem 5.5.7). Let (G,B) be a bornological group with bounded geometry,
whose bornology is generated by a single set. Let p : G→ Q be a surjective morphism and equip Q
with the induced bornology p(B). Assume that the kernel A = ker(p) is central in G and coarsely
contained in the commutator [G,G]. Then G has coarse property (T) if and only if Q has coarse
property (T).

Note that even for locally compact groups equipped with K, the condition on A is weaker than
the one in Serre’s theorem, so in particular we recover it.

To showcase the power of Theorem 5.D, we will use it to study certain Polish groups considered
in [46]. First, let Homeo+Z (R) be the group of all lifts of orientation-preserving homeomorphisms h
of the circle S1, equipped with the compact open topology. It is one explicit example of a Polish
group with bounded geometry that can be obtained from [38, Theorem 3]. Equipped with OB, this
Polish group is coarsely equivalent to Z, and hence has bounded geometry (see [46, §3.4.]).

Theorem 5.E (See Corollary 5.5.8). The group Homeo+Z (R) equipped with OB has coarse property
(T). Hence, it also has coarse property FH (and in particular topological property FH).

We get similar results for groups such as the group AutZ(Q) of lifts of order-preserving per-
mutations of Q/Z and the group AC∗

Z(R) of lifts of absolutely continuous orientation-preserving
homeomorphisms of the circle whose inverses are absolutely continuous.

We turn to an important step in the proof of Theorem 5.D. Let us say that an isometric action
of a bornological group is well controlled if the orbits of bounded sets are relatively compact. Note
that this notion is more demanding than being controlled. In particular it is non-empty for linear
actions: if G is a locally compact non-discrete group, then the regular representation of G as a
discrete group (on ℓ2(G)) is never well controlled.

Definition 5.1.11. A bornological group G has coarse property (T-) if every well-controlled repre-
sentation with almost invariant vectors has an invariant vector. It has coarse property FH- if every
well-controlled isometric action on a Hilbert space has a fixed point.

As for coarse property (T), we prove the relevant version of Delorme-Guichardet’s theorem (See
Theorem 5.5.1).

Clearly coarse property (T) implies coarse property (T-). Since both properties are stronger than
usual property (T) for locally compact groups, we deduce from Theorem 5.A that they are equivalent
for locally compact groups. It turns out that this equivalence can be extended to bornological groups
with bounded geometry.

Theorem 5.F (See Theorem 5.5.4). For bornological groups with bounded geometry, coarse (T)
and coarse (T-) are equivalent. Similarly, coarse FH and coarse FH- are equivalent for these groups.
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Proposition 5.1.12 (See Proposition 5.5.3). Let G be a bornological group with bounded geometry
and let α : G↷ H be a controlled affine action on a Hilbert space. There is a non-empty invariant
closed subspace H′ such that the restriction of α to H′ is well controlled.

They are also equivalent for the bounded products appearing in Theorem 5.H. In fact, we have
no example where they are not equivalent, although we suspect they exist.

Theorem 5.F is a consequence of the following result of independent interest, which is in the
same spirit as Proposition 5.1.5.

Contrary to Proposition 5.1.5, which has a version for actions on very general geodesic metric
spaces, we do not know whether this one holds beyond actions on Hilbert spaces. This comes from
the method of proof: Proposition 5.1.5 exploits a notion of “centre” of bounded subsets which
makes sense in a wide class of metric spaces. By contrast, the proof of Proposition 5.1.12 is based
on a more subtle notion of centre: shopping centres, which we could only define in Hilbert spaces.

5.1.4 Bounded products

We now turn to a class of topological groups for which topological (T) and coarse (T) are distinct
(and similarly for property FH). Let Γn be a sequence of (discrete) groups, and let Sn be a symmetric
set of generators of Γn. For each x ∈ Γn we define the length l(x) to be the least natural number

such that x ∈ S
l(x)
n .

Definition 5.1.13. The bounded product of a sequence of groups Γn with symmetric generating
sets Sn is the group ∏

n

{Γn, Sn} = {(gn) ∈
∏
n

Γn | sup
n
l(gn) <∞}.

Let G =
∏

n {Γn, Sn}. This has a canonical bornology B, where A ⊆ G is bounded if and only
if sup(gn)∈A supn l(gn) <∞.

There is also a natural topology on G: for any proper function ρ : N → Z≥0, define

Uρ = {(gn) ∈ G | l(gn) ≤ ρ(n)}.

The sets Uρ, together with their translates, form a basis for the topology on G.

Proposition 5.1.14 (See Proposition 5.6.1). With respect to this topology, we have B = K = OB,
provided that all Sn are finite.

We shall say that a topological group G has topological property (T) if all continuous unitary
representations with almost invariant vectors (relative to compact subsets) have invariant vectors
(see Definition 5.3.4).

If the Γn are all finite groups and |Sn| is bounded, we can characterise exactly when G has
coarse or topological property (T).

Theorem 5.G (See Theorem 5.6.2). Let Γn be a sequence of finite groups with symmetric generator
sets Sn. Suppose that supn |Sn| < ∞. Let X be the coarse disjoint union of the Cayley graphs
Cay(Γn, Sn). Then the bounded product G has topological property (T) if and only if X is an
expander sequence.
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Given a non-principal ultrafilter U on N there is an equivalence relation ∼ on G, with (gn) ∼ (hn)
if {n | gn = hn} ∈ U . Taking the quotient by this equivalence relation gives a group GU =∏

n{Γn, Sn}/U , generated by the image of
∏

n Sn. We will view it as a discrete group. If |Sn| = k
is a fixed integer, then the groups obtained as GU have a natural interpretation in terms of the
space of marked groups, i.e. quotients of the free groups on k generators: indeed, it consists of the
closure of {(Γ, Sn) | n ∈ N}.

Theorem 5.H (See Theorem 5.6.6). Let Γn be a sequence of finite groups with symmetric generator
sets Sn. Suppose that supn |Sn| < ∞. Let X be the coarse disjoint union of the Cayley graphs
Cay(Γn, Sn). The following are equivalent:

(i) The coarse space X has geometric property (T).

(ii) All ultraproducts GU =
∏

n Γn/U have property (T) with uniform spectral gap.

(iii) All ultraproducts GU have property (T).

(iv) There is a finitely generated group Γ with property (T) such that all Γn are a quotient of Γ.

(v) The bounded product G has coarse property (T).

(vi) The bounded product G has coarse property (T-).

The equivalence between (i) and (ii) are proved in [37, Theorem 1]. To the best of our knowledge
the equivalence between (i) and (iv) is new, but is reminiscent of a similar statement proved in [57]:
if Γn = Γ/Λn, where Λn is a decreasing sequence of finite index normal subgroups of Γ such that
∩nΛn = {1}, then the coarse space X has geometric property (T) if and only if Γ has (T).

5.2 Centres in uniformly convex metric spaces

Let E be a Banach space. It is reflexive if the natural map to the double dual E → E∗∗ is an
isomorphism. It is called superreflexive if all its ultrapowers are reflexive. A Banach space is
superreflexive if and only if it has an equivalent norm that is uniformly convex, i.e. for every ε > 0

there is δ > 0 such that if x, y are unit vectors with ∥x− y∥ ≥ ε, then
∥∥∥x+y

2

∥∥∥ < 1 − δ. Moreover,

for any isometric action σ of a group G on a superreflexive space X, there exists an equivalent
uniformly convex norm ∥ · ∥′ on X such that σ is isometric on (X, ∥ · ∥′), see [14]. Examples of
superreflexive Banach spaces are Hilbert spaces and all Lp spaces with 1 < p <∞.

Even more generally, we can consider a uniquely geodesic complete metric space X. For any
x, y ∈ X, the geodesic between them is denoted by [x, y] and the midpoint by mxy. The distance
between x and y is denoted by |xy|. A subset A ⊆ X is convex if x, y ∈ A implies [x, y] ⊆ A. For
any A ⊆ X, the convex hull co(A) is the smallest convex set that contains it. Its closure is denoted
by co(A).

We take the following notion of uniform convexity from [39, Definition 7.1].

Definition 5.2.1. A uniquely geodesic complete metric space X is uniformly convex if for each
ε > 0 there is δ > 0 such that for all x, y, z ∈ X with |xy| ≥ εmax(|xz|, |yz|), we have |zmxy| ≤
(1− δ)max(|xz|, |yz|).

We will say “uniformly convex metric space” as short-hand for “uniformly convex uniquely
geodesic complete metric space”. This generalises uniform convexity for Banach spaces. As a
matter of notation, we will write δε for a δ that works.
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5.2.1 Centres of bounded sets

Let X be a uniformly convex metric space. Let A ⊆ X be a non-empty bounded subset. For x ∈ X
let r(x) = supa∈A |ax|. Let ρ(A) = infx∈X r(x). As shown in [39, Proposition 7.2], there is a unique
point Z(A), called the centre, that satisfies r(Z(A)) = ρ(A). There are no additional regularity
requirements for A. It is an isometric invariant, meaning that whenever u ∈ Aut(X) is an isometry,
we have Z(uA) = uZ(A). In this section we describe this centre and some of its variants, which
will be the key ingredient in many of our proofs.

For convenience we provide the construction of the centre.

Lemma 5.2.2. Let A ⊆ X be a non-empty bounded subset of a uniformly convex metric space.
There is a unique point Z(A) satisfying r(Z(A)) = ρ(A).

Proof. Let xn ∈ X be a sequence of points satisfying limn→∞ r(xn) = ρ(A). We will show that it is
a Cauchy sequence. Let ε > 0 and let m,n large enough that r(xm), r(xn) ≤ (1+ δε)ρ(A) ≤ 2ρ(A).
Suppose that |xmxn| ≥ 2ερ(A). Let y be the midpoint between xm and xn, then we get by uniform
convexity |ya| ≤ (1 − δε)max(|xma|, |xna|) ≤ (1 − δ2ε)ρ(A) for all a ∈ A. Thus r(y) < ρ(A), a
contradiction. So we have |xmxn| < 2ερ(A), showing that xn is a Cauchy sequence. Then the limit
x satisfies r(x) = ρ(A), and the same inequality shows that x is unique with this property.

Lemma 5.2.3. Let A ⊆ X be a bounded subset of a uniformly convex metric space.

(i) Let ε > 0 and consider the annulus D = {a ∈ A | |a, Z(A)| ≥ ρ(A) − ε}. We have Z(D) =
Z(A).

(ii) Let B ⊆ A non-empty and ε > 0. Then

|Z(A)Z(B)| ≤ ερ(A) + κε(ρ(A)− ρ(B))

where κε =
2−ε

1−exp
(

− log(ε/2) log(1−δε)
log 2

) depends only on ε and δε.

(iii) If X is a Hilbert space then Z(A) ∈ co(A).

Proof. (i) Since D ⊆ A we have ρ(D) ≤ ρ(A), and we also have supd∈D |dZ(A)| = ρ(A). Assume
for a contradiction that Z(D) ̸= Z(A). Let x be a point on the geodesic [Z(D), Z(A)] with

0 < |xZ(A)| < ε. Let m be the midpoint between x and Z(A). Let ε′ = |xZ(A)|
ρ(A) . For a ∈ D

we have |aZ(D)| ≤ ρ(D) ≤ ρ(A) and |aZ(A)| ≤ ρ(A). By convexity, |ax| ≤ ρ(A). By uniform
convexity, |am| ≤ (1−δε′)ρ(A). For a ∈ A\D we have |aZ(A)| ≤ ρ(A)−ε so |am| ≤ ρ(A)− ε

2 .
This shows that m is a better centre for A then Z(A), giving a contradiction.

(ii) Let ε > 0 and suppose |Z(A)Z(B)| ≥ ερ(A)
(

ρ(A)
ρ(B)

) log(2)
− log(1−δε)

. Let n = ⌊ log(ρ(A))−log(ρ(B))
− log(1−δε)

+1⌋.

Then (1 − δε)
n < ρ(A)

ρ(B) , and |Z(A)Z(B)| ≥ 2n−1ερ(A). Let m0 = Z(A) and for 1 ≤ k ≤ n,

let mk be the midpoint between mk−1 and Z(B). For b ∈ B we have |Z(B)b| ≤ ρ(B) and
|Z(A)b| ≤ ρ(A). By uniform convexity and induction we get |mkb| ≤ max((1− δε)

kρ(A), (1−
δε)ρ(B)). We get supb∈B |mnb| ≤ max((1 − δε)

nρ(A), (1 − δε)ρ(B)) < ρ(B). Thus mn is a
better centre for B then Z(B), a contradiction.

So |Z(A)Z(B)| < ερ(A)
(

ρ(A)
ρ(B)

) log(2)
− log(1−δε)

. Since any point in B is at distance at most

ρ(A) from both Z(A) and Z(B) we also have |Z(A)Z(B)| ≤ 2ρ(A). Using the inequality

69



max

((
1

1−x

) log(2)
− log(1−δε)

, 2ε−1

)
≤ 1 + ε−1κεx for x ∈ [0, 1) we get |Z(A)Z(B)| ≤ ερ(A) +

κε(ρ(A)− ρ(B)).

(iii) Suppose Z(A) ̸∈ co(A). Then there is a unit vector w with ⟨Z(A), w⟩ < infa∈A⟨a,w⟩. But
then Z(A) + εw is a better centre for A for small ε, contradiction.

Remark 5.2.4. If X is a Hilbert space and B ⊆ A are non-empty bounded subsets we can find the
simpler estimate |Z(A)Z(B)| ≤

√
ρ(A)2 − ρ(B)2.

We record the following easy fact.

Proposition 5.2.5. Let G be a bornological group and H ⊆ G a coarsely dense subgroup. Let G
act isometrically and controlled on a uniformly convex metric space X and suppose there is a point
in X fixed by H. Then there is also a point fixed by G.

Proof. There is a bounded C ⊆ G with CH = G. Let α : G↷ X be the isometric action and x ∈ X
the point which is fixed by H. Now α(G)x = α(C)x which is bounded, so α has bounded orbits.
By Lemma 5.2.2, there is a unique centre Z(α(G)x). This is a fixed point for G: of any g ∈ G we
have gZ(α(G)x) = Z(gα(G)x) = Z(α(G)x).

5.2.2 Mean centre

The next variant of the centre allows us to talk about some kind of average of a mean on a uniformly
convex Banach space, without additional regularity properties. It generalises both the centre of a
bounded set, and the barycentre of a probability measure. This notion will be used to provide
an alternative proof of Proposition 5.1.5 in the special case of an isometric action of a locally
compact group on a uniformly convex Banach space. However we believe it could be useful for
future applications.

Construction 5.2.6. Let X be a closed convex subset of a uniformly convex Banach space. Let
C ⊆ X be a bounded subset. Let Σ be an algebra on C and let µ : Σ → [0,∞) be a finitely additive
measure with µ(C) > 0. We construct the mean centre Z̃(µ) ∈ X with the following properties:

(i) for A ∈ Σ we have

Z̃(µ) =
µ(A)

µ(C)
Z̃(µ|A) +

µ(C \A)
µ(C)

Z̃(µ|C\A);

(ii) For any isometry g ∈ Isom(X) we have Z̃(g∗µ) = g · Z̃(µ).

Proof. For a bounded subset B ⊆ X, recall the definitions of Z(B) and ρ(B) from Lemma 5.2.2.
For any finite partition P = (Ai) of C into subsets in Σ, we define

Z̃P (µ) =
1

µ(C)

∑
i

µ(Ai)Z(Ai)

and

ρP (µ) =
1

µ(C)

∑
i

µ(Ai)ρ(Ai).
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We will define Z̃(µ) as a limit of Z̃P (µ), so we have to show convergence as P gets more refined.
Let ε > 0 and κε as in Lemma 5.2.3(ii). Then

∥∥Z(A)− Z(B)
∥∥ ≤ ερ(A) + κε(ρ(A) − ρ(B)) for

all ∅ ≠ B ⊆ A ⊆ C.
Let P = (Ai) be a finite partition of C and let Q = (Bij) be a refinement of P . Then we have

∥∥∥Z̃P (µ)− Z̃Q(µ)
∥∥∥ =

1

µ(C)

∥∥∥∥∥∥
∑
i

∑
j

µ(Bij)Z(Bij)

− µ(Ai)Z(Ai)

∥∥∥∥∥∥
≤ 1

µ(C)

∑
i,j

µ(Bij)
∥∥Z(Bij)− Z(Ai)

∥∥
≤ ε

µ(C)

∑
i,j

µ(Bij)(ρ(Ai) + ε−1κε(ρ(Ai)− ρ(Bij)))

= ερP (µ) + κε(ρP (µ)− ρQ(µ)).

Besides, we observe that ρQ(µ) ≤ ρP (µ). Now let P1, P2, . . . be a sequence of partitions, such that
Pn+1 is a refinement of Pn, and ρPn

(µ) converges to the infimum of ρP (µ) taken over all partitions

P . Then the computation above shows that Z̃Pn
(µ) is a Cauchy sequence: for large m,n, we will

have ρPn
(µ) − ρQn

(µ) < ε
κε
, and then

∥∥∥Z̃Pn
(µ)− Z̃Pm

(µ)
∥∥∥ < ερ(C) + ε, and this works for any

ε > 0. So the sequence ρ̃Pn
(µ) converges to a point Z̃(µ) ∈ X which is independent of the chosen

sequence Pn.
Now let A ∈ Σ. We can choose the partitions Pn to be refinements of the partition {A,U \A}.

Then they split into a partition of A and one of U \A, and we see that

Z̃(µ) =
µ(A)

µ(U)
Z̃(µ|A) +

µ(U \A)
µ(U)

Z̃(µ|U\A).

The equivariance of Z̃ by isometries follows directly from the definition.

Remark 5.2.7. If Σ = {∅, C}, then Z̃(µ) = Z(C). Moreover, one can check that if C is weakly
compact, and µ is a Radon probability measure on C (equipped with the weak topology), then
Z̃(µ) coincides with the barycentre of µ.

Remark 5.2.8. The above construction does not quite work for any uniformly convex metric space
X because there is no linear structure on X. However, instead of constructing Z̃(µ) as a point in
X, it is possible by a similar construction to construct a Radon probability measure on X.

5.2.3 Shopping centres

In this section, we prove a technical result which will be central to the proof of Proposition 5.1.12,
hence of Theorem 5.F. Recall that given a controlled action σ of a bornological group G with
bounded geometry on a Hilbert space H, we need to find v ∈ H such that σ(A) · v is relatively
compact for all bounded A ⊂ G. Example 5.2.12 below gives a hint that simply taking the centre
Z(σ(A)) for some gordo subset A does not seem to be a good approach. Instead, we will need
another concept of centre which tries to ignore finite-dimensional subspaces of H.

For a finite-dimensional subspace V ⊆ H, let pV ⊥ be the projection onto V ⊥. For a bounded
set Λ ⊆ H, let sV (Λ) = ρ(pV ⊥(Λ)). Let s(Λ) = infV sV (Λ), taking the infimum over all finite-
dimensional subspaces. Note that s(Λ) = 0 if and only if Λ is relatively compact.

71



Definition 5.2.9. Let Λ ⊆ H be a bounded subset. A point z ∈ H is called a shopping centre for Λ
if for all finite-dimensional V ⊆ H and all ε > 0 we have z ∈ co({v ∈ Λ |

∥∥pV ⊥(v − z)
∥∥ ≥ s(Λ)−ε}).

We first prove the existence of shopping centres.

Lemma 5.2.10. Every non-empty bounded subset of a Hilbert space has a shopping centre.

Proof. Let Λ ⊆ H be bounded. We write sV = sV (Λ) and s = s(Λ). We can assume that s > 0,
because the statement is trivial otherwise. For any finite-dimensional V ⊆ H and ε > 0 define

AV,ε = {a ∈ H | a ∈ co({v ∈ Λ |
∥∥pV ⊥(a− v)

∥∥ ≥ s− ε})}.

First we show that AV,ε is non-empty.
Let x = Z(pV ⊥(Λ)) ∈ V ⊥. Since ρ(pV ⊥(Λ)) = sV ≥ s, we have

x ∈ co({pV ⊥v | v ∈ Λ, ∥pV ⊥v − x∥ ≥ s− ε
2})

by Lemma 5.2.3(i) and (iii). So we can find y ∈ co({pV ⊥v | v ∈ Λ, ∥pV ⊥v − x∥ ≥ s − ε
2})

with ∥y − x∥ < ε
2 . Write y =

∑k
i=1 cipV ⊥vi with ci ≥ 0 and

∑k
i=1 ci = 1 and vi ∈ Λ and

∥pV ⊥vi − x∥ ≥ s− ε
2 for all i. Let a =

∑k
i=1 civi. Then

a ∈ co({v ∈ Λ |∥pV ⊥v − x∥ ≥ s− ε
2}).

We have ∥pV ⊥a− x∥ =∥y − x∥ < ε
2 , so

{v ∈ Λ |∥pV ⊥v − x∥ ≥ s− ε
2} ⊆ {v ∈ Λ |

∥∥pV ⊥(v − a)
∥∥ ≥ s− ε},

so a ∈ AV,ε.
Note that, if ε′ ≤ ε and V ′ ⊇ V , we have AV ′,ε′ ⊆ AV,ε. So now we already know that any finite

intersection of the AV,ε is non-empty.
We can bound the diameter of pV ⊥AV,ε. Assume ε < s. Let x = Z(pV ⊥Λ) ∈ V ⊥ and let

a ∈ AV,ε. Since a ∈ co({v ∈ Λ |
∥∥pV ⊥(a− v)

∥∥ ≥ s − ε}), we can find, for every η > 0, a vector

v ∈ Λ with
∥∥pV ⊥(a− v)

∥∥ ≥ s − ε and ⟨pV ⊥(a − v), pV ⊥(a) − x⟩ ≤ η. Then
∥∥x− pV ⊥(v)

∥∥2 =∥∥pV ⊥(a− v)
∥∥2 +∥∥x− pV ⊥(a)

∥∥2 − 2⟨pV ⊥(a− v), pV ⊥(a)− x⟩ ≥ (s− ε)2 +
∥∥x− pV ⊥(a)

∥∥2 − 2η. On

the other hand we have
∥∥x− pV ⊥(v)

∥∥2 ≤ s2V , so
∥∥pV ⊥(a)− x

∥∥2 ≤ s2V −(s−ε)2+2η. This holds for all

η > 0 so
∥∥pV ⊥(a)− x

∥∥ ≤
√
s2V − (s− ε)2. So the diameter of pV ⊥AV,ε is at most 2

√
s2V − (s− ε)2.

This then also holds for the diameter of the weak closure of pV ⊥AV,ε.
Let b be in the weak closure of AV,ε. Then for any a ∈ AV,ε we have

∥∥pV ⊥(a− b)
∥∥ ≤

2
√
s2V − (s− ε)2, so

{v ∈ Λ |
∥∥pV ⊥(a− v)

∥∥ ≥ s− ε} ⊆ {v ∈ Λ |
∥∥pV ⊥(b− v)

∥∥ ≥ s− ε− 2
√
s2V − (s− ε)2}.

This shows that

AV,ε ⊆ co({v ∈ Λ |
∥∥pV ⊥(b− v)

∥∥ ≥ s− ε− 2
√
s2V − (s− ε)2}).

Since convex closed sets are also weakly closed, we find that b ∈ A
V,ε+2

√
s2V −(s−ε)2

. So the weak

closure of AV,ε is contained in A
V,ε+2

√
s2V −(s−ε)2

.
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This shows that any AV,ε also contains the weak closure of another AV ′,ε′ : just take ε′ small

enough that ε′ + 2
√
(s+ ε′)2 − (s− ε′)2 ≤ ε and V ′ large enough that sV ′ ≤ s+ ε′. Now the weak

closure of AV,ε is weakly compact, and any finite intersection of them is non-empty, so there is z
that is contained in the weak closure of every AV,ε. By the above, z ∈ AV,ε for all finite-dimensional
V ⊆ H and ε > 0, so z is a shopping centre for Λ.

Shopping centres are not unique, but the set of shopping centres is relatively compact. In fact
we can prove a stronger result, which we will use later to prove Proposition 5.1.12.

Lemma 5.2.11. Let Λ ⊆ H be a non-empty bounded subset. Let f1, . . . , fk : H → H be isometries,
and let ∆ =

⋃k
i=1 fi(Λ). We say z ∈ H is a possible shopping centre if there exists an isometry

f : H → H such that f(Λ) ⊆ ∆ and z is a shopping centre of f(Λ). Let M be the set of possible
shopping centres. Then M is relatively compact.

Proof. We write sV = sV (Λ) and s = s(Λ). Let ε > 0. Choose a finite-dimensional affine subspace
V ⊆ H with sV ≤ s+ ε and Z(pV ⊥(Λ)) ∈ V . Then for all v ∈ Λ we have d(v, V ) ≤ s+ ε.

Let W be the affine hull of the union
⋃k

i=1 fi(V ). This is again a finite-dimensional affine
subspace. For all v ∈ fi(Λ), we have d(v, fi(V )) ≤ s+ ε, so for all v ∈ ∆ we have d(v,W ) ≤ s+ ε.

Now let z ∈ M be a possible shopping centre. We will show that z is close to W . Let w be
the projection of z on W . To simplify notation, let us assume that z = 0. There is an isometry
f : H → H such that f(Λ) ⊆ ∆ and 0 is a shopping centre of f(Λ). Then there is v ∈ f(Λ) such
that ⟨v, w⟩ ≤ ε and

∥∥pW⊥(v)
∥∥ ≥ s− ε. Then

d(v,W )2 =
∥∥pW⊥(v − w)

∥∥2
=
∥∥pW⊥(v)

∥∥2 +∥∥pW⊥(w)
∥∥2 − 2⟨pW⊥(v), w⟩

=
∥∥pW⊥(v)

∥∥2 +∥w∥2 − 2⟨v, w⟩

≥ (s− ε)max(0, s− ε) +∥w∥2 − 2ε.

On the other hand, we have v ∈ ∆, so d(v,W ) ≤ s + ε. So we get d(0,W ) = ∥w∥ ≤ η =√
4εmax(s, ε) + 2ε.
So M is contained in an η-neighbourhood of W . Since M is also bounded, we can cover M with

finitely many balls of radius 2η. As ε gets smaller, η gets arbitrarily small, soM is totally bounded,
which is the same as relatively compact.

To justify our relatively complicated notion of shopping centre, we give an example showing
that Lemma 5.2.11 is not true for the usual centre.

Example 5.2.12. Let H be a separable Hilbert space with basis v1, v2, v3, . . .. Let B(0, 1) denote
the closed ball of radius 1 around the origin and let Λ be the bounded set B(0, 1)∪{10v1+v2,−10v1+
v2}. Let f1 : H → H be the identity, let f2 be the isometry given by adding 10v1 and let f3 be
the isometry given by subtracting 10v1. Then ∆ = B(0, 1) ∪ B(10v1, 1) ∪ B(−10v1, 1) ∪ {20v1 +
v2,−20v1 + v2}. Note that Z(Λ) = v2. Now for n ≥ 2 let gn : H → H be the isometry switching
v2 and vn while fixing all other basis vectors. Then gn(Λ) ⊆ ∆. The centre of gn(Λ) is vn. The
set {v2, v3, ...} is not relatively compact, showing that Lemma 5.2.11 does not hold for the usual
centre. Note that the origin is the unique shopping centre of Λ.
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5.3 Topological versus controlled actions

In this section we will mainly be concerned by topological groups (G, τ), i.e. groups equipped with a
topology making the multiplication and inverse maps continuous. We will also always assume that
the topology is Hausdorff. Each topological group (G, τ) has two natural bornologies associated to
it, K and OB, as described in [46].

Definition 5.3.1. Let (G, τ) be a topological group. The bornology K consists of all relatively
compact subsets of G.

This is a bornology because the product of compact sets is again compact.
Another bornology comes from considering continuous left-invariant pseudometrics on G. The

following proposition is [46, Proposition 2.7]:

Proposition 5.3.2. Let (G, τ) be a topological group and A ⊆ G. The following are equivalent:

(i) For every continuous left-invariant pseudometric d on G we have diamd(A) <∞.

(ii) For every continuous isometric action α : G↷ X on a metric space X, and every x ∈ X, we
have diam(α(A)x) <∞.

(iii) For every sequence of open sets V1 ⊆ V2 ⊆ V3 · · · ⊆ G of open subsets with V 2
n ⊆ Vn+1 and⋃

n Vn = G, we have A ⊆ Vn for some n.

Definition 5.3.3. The bornology OB consists of all subsets A of G that satisfy the conditions of
Proposition 5.3.2.

We have K ⊆ OB. For σ-compact locally compact groups, we have K = OB (see [46, Corollary
2.8]).

We want to study the relationship between topological fixed point properties and coarse fixed
point properties. We have already defined in the introduction the notions of topological versus
coarse fixed point properties. Since the bornologies we shall consider will always be contained in
OB, all continuous isometric actions are controlled, so that topological FX is always stronger than
coarse FX (for any metric space X).

Now if we turn to property (T), it is less clear how topological (T) should be defined: indeed,
even if we focus on continuous representations, there are more than one way of defining almost fixed
points. A solution is then to define topological property (T) for a topological group equipped with
a bornology (contained in OB).

Definition 5.3.4. A topological bornological group is a triple (G, τ,B) such that (G, τ) is a topo-
logical group and (G,B) is a bornological group, and B is contained in OB(τ). Let E be a family of
Banach space. We say (G, τ,B) has topological property (TE) if every continuous (wrt τ) isometric
representation on an element of E with almost invariant vectors (wrt B) has a fixed point.

For any topological group (G, τ) there are the natural bornologiesK andOB, and we can consider
topological property (T) for the triples (G, τ,K) and (G, τ,OB) separately. For a σ-compact locally
compact group (G, τ) we have K = OB, and the properties above reduce to their usual versions
when we take this bornology.
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5.3.1 Proof of Proposition 5.1.5

To be able to prove anything about topological bornological groups, we need some relation between
the topology and the bornology. It turns out that all we need is the following.

Definition 5.3.5. A topological bornological group (G, τ,B) is locally bounded if there is a non-
empty open bounded set.

For an action of G on a topological space X, let Xcont = {x ∈ X | g → gx is continuous} be the
continuous part of the action.

Lemma 5.3.6. Let (G, τ) be a topological group acting isometrically on a uniformly convex metric
space X. Then Xcont is an invariant closed convex subspace of X. If X is a Banach space and the
action is linear, Xcont is also a linear subspace.

Proof. Since the action is isometric, the continuous part is invariant and x ∈ Xcont if and only if
g → gx is continuous at the identity.

Let x ∈ Xcont and ε > 0. There is y ∈ Xcont with |xy| < ε and there is an open neighbourhood
of the identity U ⊆ G such that |gy, y| < ε for all g ∈ U . Then for g ∈ U we have |gx, x| ≤
|gx, gy|+ |gy, y|+ |yx| < 3ε, showing that x ∈ Xcont.

To show that Xcont is convex, it is enough to show that if x, y ∈ Xcont then the midpoint
mxy is in Xcont. Let ε > 0 and let U be a neighbourhood of the identity such that g ∈ U
implies |gx, x| < 1

2 |xy|δε and |gy, y| < 1
2 |xy|δε. Let g ∈ U . Since the action is isometric we

have mgx,gy = gmxy. We have |x, gmxy| ≤ |x, gx| + |gx, gmxy| ≤ 1
2 |xy|(1 + δε). Let n be the

midpoint between mxy and gmxy and suppose that |mxy, gmxy| ≥ 1
2ε|xy|(1 + δε). By uniform

convexity we have |xn| ≤ (1 − δε)
1
2 |xy|(1 + δε) and similarly |yn| ≤ (1 − δε)

1
2 |xy|(1 + δε). So

|xy| ≤ |xn|+ |yn| ≤ |xy|(1− δε)(1 + δε), a contradiction. So we have |mxy, gmxy| < 1
2ε|xy|(1 + δε),

showing that mxy ∈ Xcont.
Lastly, if the action is linear it is clear that Xcont is closed under addition and scalar multipli-

cation.

So the continuous part always forms a uniformly convex subaction. Of course, it might be
empty, or in the linear case, consist of just the origin. However in some cases we can prove that the
continuous part is non-trivial. To do this we need the following lemma. For open neighbourhoods of
the identity U, V ⊆ G we write U < V if there is an open W such that WU ⊆ V . Every topological
group has a large chain of open neighbourhoods.

Lemma 5.3.7. Let G be a topological group and U ⊆ G an open neighbourhood of the identity.
Then there are open neighbourhoods of the identity Vt for t ∈ (0, 1] with V1 = U and Vt < Vt′ if
t < t′.

Proof. Let U0 = U and for n ≥ 1 we pick open neighbourhoods of the identity Un recursively with
U2
n ⊆ Un−1. For t ∈ [0, 1] let σt be the set of finite sequences of integers {(n1, n2, . . . , ns) | n1 >

n2 > · · · > ns ≥ 0 and
∑s

i=1 2
−ni ≤ t}. Define

Vt =
⋃

(n1,n2,...,ns)∈σt

Un1Un2 · · ·Uns .

Note that when t = 2−n1 + 2−n2 + · · ·+ 2−ns is a dyadic rational with n1 > n2 > · · · > ns we have
Vt = Un1Un2 · · ·Uns . In particular, V1 = U .
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For t ≤ t′ we have Vt ⊆ Vt′ . Moreover, there is a dyadic rational 2−n1 + · · · + 2−ns with
n1 > · · · > ns and t < 2−n1+· · ·+2−ns < t′. There is also n0 > n1 with 2−n0+2−n1+· · ·+2−ns < t′.
Then Un0

Vt ⊆ Un0
Un1

· · ·Uns
⊆ Vt′ . So Vt < Vt′ .

Now we can show Proposition 5.1.5, which for convenience, we restate below.

Proposition 5.3.8. Let G be a topological group and let U be an open neighbourhood of the identity.
Let X be a uniformly convex metric space. Let α : G ↷ X be an isometric action. Let c > 0 and
suppose there is x ∈ X such that d(α(g)x, x) ≤ c for all g ∈ U . Then there is y ∈ X with
d(x, y) ≤ 2c, such that the restriction of α to the closed convex hull of α(G)y is continuous.

Proof. Let (Vt) be as in Lemma 5.3.7. We will consider the centres of the sets α(Vt)(x). For
t ∈ (0, 1) define r(t) = ρ(α(Vt)(x)). This is an increasing function, so there is some t0 ∈ (0, 1)
where r is continuous. Define y = Z(α(Vt0)(x)). Since |ax| ≤ c for all a ∈ α(Vt0)(x), we have
r(α(Vt0)(x)) ≤ c and |xy| ≤ 2c. We will show that the map g → α(g)y is continuous. Since
|α(g)y, α(h)y| = |α(g−1h)y, y|, it is enough to show that |α(g)y, y| is small for g close to the
identity.

Let ε > 0 and t > t0. Let κε be as in Lemma 5.2.3(ii). There is an open W with WVt0 ⊆ Vt.
Let g ∈W . We get

α(g)y = Z(α(g)α(Vt0)(x)) = Z(α(gVt0)(x)).

We have gVt0 ⊆ Vt. Since ρ(α(g)α(Vt0)(x)) = ρ(α(Vt0)(x)) = r(t0), we get

|α(g)y, Z(α(Vt)(x))| ≤ εr(t) + κε(r(t)− r(t0))

and also
|y, Z(α(Vt)(x))| ≤ εr(t) + κε(r(t)− r(t0))

so
|α(g)y − y| ≤ 2εr(t) + 2κε(r(t)− r(t0)).

Since r is continuous at t0, the right-hand side goes to zero as ε → 0 and t → t0. This shows that
g → α(g)y is continuous, so y ∈ Xcont. By Lemma 5.3.6, the restriction of α to the closed convex
hull of α(G)y is continuous.

Below is an alternative proof for locally compact groups acting on uniformly convex Banach
spaces. The existence of a Haar measure allows us to use a regularization procedure based on our
notion of mean centre.

Proof. Assume that G is locally compact and that X is a uniformly convex Banach space. Let
K ⊆ U be a compact neighbourhood of the identity. Let µ be the left-invariant Haar measure. Let
f : U → X be the orbit map f(a) = α(a)x. We will use it to push-forward the Haar measure. Let
y = Z̃((f|K)∗µ) be the mean centre in X (see Construction 5.2.6). Then ∥x− y∥ ≤ 2c. We will

show that
∥∥α(g)y − y

∥∥ is small for g close to the identity.
Let ε > 0. Since µ is outer regular, there is K ⊆ U ′ ⊆ U with µ(U ′) ≤ (1 + ε)µ(K). Let

V be an open neighbourhood of the identity with V K ⊆ U ′. Let g ∈ V . Let λg : K → gK
be left multiplication by g. Then λg is a measure-preserving map and α(g) ◦ f|K = f|gK ◦ λg so

α(g)y = Z̃((α(g) ◦ f|K)∗µ) = Z̃((f|gK)∗µ). We get

α(g)y − y = Z̃((f|gK)∗µ)− Z̃((f|K)∗µ)
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=
µ(gK \K)

µ(K)
(Z̃((f|gK\K)∗µ)− Z̃((f|K\gK)∗µ)).

So ∥∥α(g)y − y
∥∥ ≤ 4µ(K \ gK)

µ(K)
ρ(α(U)x) ≤ 4c(µ(U ′)− µ(K))

µ(K)
≤ 4cε.

This shows that the map g → α(g)y is continuous near the identity, so y ∈ Xcont. By Lemma 5.3.6,
the restriction of α to the closed convex hull of α(G)y is continuous.

This theorem gives us some corollaries such as the ones mentioned in the introduction. To state
more of them, we need first to introduce good notions of isometric actions for bornological groups.

5.3.2 Isometric actions of bornological groups

Given a bornological group G, a metric space X, and an action σ of G by isometries on X, we shall
consider two natural notions of “compatibility” of the action with the bornology on G.

Definition 5.3.9. Let G be a bornological group and let σ be an action of G by isometries on a
metric space X. We say that the action is controlled (resp. well controlled) if the orbits of bounded
sets are bounded (resp. are relatively compact).

Note that a unitary representation is trivially controlled, but not necessarily well controlled.
Given a bornological group G and a metric topological space X, a map φ : G→ X is called proper
if the preimage of a bounded set is bounded.

Definition 5.3.10. Let G be a bornological group and let σ be an action of G by isometries on
a metric space X. We that σ has almost fixed points if for every ε > 0 and every bounded subset
B ⊂ G, there exists x ∈ X such that d(σ(g)x, x) ≤ ε for all g ∈ B.

Definition 5.3.11. Let π be a norm-preserving representation of a bornological goup G on a
Banach space E. We that π has almost invariant vectors if the isometric action induced by π on
the unit sphere has almost fixed points.

Definition 5.3.12. Let G be a bornological group, let X be a family of metric spaces, and let E
be a family of Banach spaces.

(i) We say that G has coarse property FX (resp. FX−) if every controlled (resp. well-controlled)
isometric action of G on a space from X has a fixed point.

(ii) We say thatG has coarse property (TE) (resp. (TE−)) if all its norm-preserving representations
(resp. well-controlled representations) on elements of E with almost invariant vectors have a
non-zero invariant vector.

We are now ready to list some consequences of Proposition 5.1.5, which in particular applies to
locally compact groups.

Corollary 5.3.13. Let E be a family of uniformly convex Banach spaces closed under taking closed
linear subspaces. Let X be a family of uniformly convex metric spaces closed under taking convex
closed subsets. Let (G, τ,B) be a locally bounded topological bornological group.
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(i) The topological bornological group (G, τ,B) has topological property (TE) if and only if the
bornological group (G,B) has coarse property (TE).

(ii) The topological bornological group (G, τ,B) has the topological fix-point property FX if and
only if the bornological group (G,B) has the coarse fix-point property FX .

Proof. (i) Suppose (G, τ,B) has topological property (TE). Let E ∈ E . Consider a representation
π : G ↷ E with almost invariant vectors. Let U be an open bounded set in G. Let A ∈ B
and ε > 0 and let v ∈ E be a unit vector with ∥gv − v∥ ≤ ε for all g ∈ U ∪A. By Proposition
5.1.5, there is w ∈ Econt with ∥v − w∥ ≤ 2ε. In particular ∥w∥ ≥ 1 − 2ε, and for g ∈ K we

have ∥gw − w∥ ≤∥gw − gv∥ +∥gv − v∥ +∥v − w∥ ≤ 5ε, so
∥∥∥g w

∥w∥ − w
∥w∥

∥∥∥ ≤ 5ε
1−2ε . This shows

that Econt has almost invariant vectors, so it has an invariant vector, showing that (G,B) has
coarse property (TE). The other direction is trivial.

(ii) Suppose (G, τ,B) has topological property FX . Let α : G↷ X be a controlled isometric action
on an element of X . Since α is controlled, we can apply Proposition 5.1.5 on any element of X
to find that Xcont is non-empty. Then Xcont has a fixed point, so (G,B) has coarse property
FX . The other direction is trivial.

Corollary 5.3.14. Let E be a family of uniformly convex Banach spaces closed under taking closed
linear subspaces. Let X be a family of uniformly convex metric spaces closed under taking convex
closed subsets. Let G be a compactly generated locally compact group, and H be a dense subgroup,
and let U be a relatively compact open symmetric generating subset G.

(i) Assume G has property (TE). Then any norm-preserving representation of H on a space
E ∈ E with (U ∩H)-almost invariant vectors has an invariant vector.

(ii) Assume G has property FX . Then any affine isometric action of H on some space X ∈ X
such that (U ∩H)-orbits are bounded has a fixed point.

Proof. We equipH with the topology τG induced by the topology on G, and the coarse structure KG

induced by the coarse structure K on G. This makes (H, τG,KG) is a locally bounded topological
bornological group. Since U is open, and H is dense, for all n ≥ 1, (Un ∩ H) = (U ∩ H)n. But
since U is symmetric and generates G, for any compact K ⊂ G, there exists n ∈ N such that
K ⊂ Un. Combining these two remarks, we get that K ∩H ⊂ (Un ∩H). Hence Un ∩H generates
the bornology of (H,KG). Moreover, since H is dense in G, any continuous isometric action of
H on some complete metric space extends to G. Hence topological (TE) and topological FX for
(H, τG,KG) are equivalent respectively to (TE) and FX for G. Now we deduce from Corollary
5.3.13 that (H, τG,KG) has coarse (TE) under the assumption of (i), and that (H, τG,KG) has
coarse FX under the assumption of (ii). We conclude from the fact that the assumption of (i)
that the representation of the bornological group (H,KG) has almost invariant vectors, while the
assumption of (ii) implies that the action of (H,KG) is controlled.

5.4 Applications of Proposition 5.1.5 for locally compact groups

The main goal of this section is to prove applications of Proposition 5.1.5 such as Corollary 5.1.6, as
well as others in the same spirit. In order to do so, we need to consider ultraproducts of isometric
actions, which will be better defined in the setting of bornological groups.
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5.4.1 Ultraproduct of isometric actions of bornological groups

Let (G,S) be a group equipped with a symmetric generating subset S. A controlled isometric affine
action of (G,S) on a metric space X is an action whose S-orbits are bounded. Now, let Gi be an
I-indexed net of groups and for each i ∈ I, let Si be a generating set of Gi. Let U be a free ultrafilter
on I, and denote (GU , SU ) the bounded ultraproduct of the net (Gi, Si). The displacement of a
controlled isometric action σ of (G,S) is the infimum over all x ∈ X of d(x) := sups∈S d(σ(s)x, x).
We have

d(x)− d(y) = sup
s∈S

dX(σ(s)x, x)− sup
s∈S

dX(σ(s)y, y) ≤ sup
s∈S

(dX(σ(s)x, x)− dX(σ(s)y, y)).

By triangular inequality, we have

dX(σ(s)x, x) ≤ dX(σ(s)x, σ(s)y) + dX(σ(s)y, y) + dX(y, x) = 2dX(y, x) + dX(σ(s)y, y).

We deduce that
d(x)− d(y) ≤ 2dX(x, y).

Hence d : X → R+ is 2-Lipschitz, hence continuous.

Definition 5.4.1. We let X be a family of metric spaces. We say that X is stable under rescaled
ultraproducts if for every I-indexed net of triples (Xi, λi, xi), where xi ∈ Xi and λi > 0, every
ultrafilter on I, the ultraproduct of pointed metric spaces (Xi, λidXi

, xi) belongs to X .

Lemma 5.4.2. Let σ be an isometric action without fixed points of (G,S) on X. Then for all
α < 1 and all R ≥ 0, there exists x such that inf |xy|≤Rd(x) d(y) ≥ αd(x).

Proof. Assume by contradiction that there exists α < 1 and R ≥ 0 such that for all x,

inf
|xy|≤Rd(x)

d(y) < αd(x).

Fix some x0 and choose recursively xn+1 ∈ B(xn, Rd(xn)) such that d(xn+1) ≤ αd(xn). By an
immediate induction we get d(xn) ≤ αnd(x0). This implies that |xn+1xn| ≤ Rαn. Therefore (xn)
is a Cauchy sequence, and let x be its limit. We deduce by continuity of d that d(x) = 0, meaning
that x is a fixed point: contradiction.

Given some isometric actions without fixed points of groups Gi, we will construct an isometric
action with positive displacement (in particular without fixed point) on an ultraproduct of these
groups. Since we do not want to restrict to separable metric spaces, we will have to consider nets
in full generality, rather than just sequences. For technical reasons we can only use ultrafilters that
are not σ-complete. Recall that an ultrafilter U on a set I is not σ-complete precisely when there
is a function f : I → N such that f−1(n) ̸∈ U for all n ∈ N. If there are no measurable cardinals,
then every non-principal ultrafilter is not σ-complete, and this is consistent with ZFC. Actually, we
only need the existence of suitable not σ-complete ultrafilters and we can just prove this.

Lemma 5.4.3. Let (I,≤) be a directed set without maximum. There is a net ni indexed on I with
values on N, and a cofinal ultrafilter U such that limU ni = ∞.
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Proof. We will first prove there are ni such that for all N and all i there is some j ≥ i with nj ≥ N .
For each i ∈ I, we choose an element t(i) ∈ I which is larger. This gives I the structure of a
directed graph, with an arrow from i to t(i). Choose a set A ⊆ I that contains exactly one element
of each connected component of the graph. For i ∈ tn(A), we put ni = n. Since A contains only
one element of each component, we are not trying to label an element twice, and it is well-defined.
Put ni = 0 for all i that did not get a number yet. Now for any i ∈ I there is a ∈ A in the same
component. Then there is a path from a to i in the graph (possibly taking edges in the opposite
direction), and this path contains a vertex that is above a and i. Then for any large enough N , we
see that tN (a) ≥ i, and ntN (a) = N .

Consider the sets {j | j ≥ i}∩{j | nj ≥ N} for all i ∈ I,N ∈ N. By construction of the ni these
sets are all non-empty, and they generate a filter F . Let U be any ultrafilter containing F , then U
is a cofinal ultrafilter converging to ∞.

Proposition 5.4.4. Let X be a family of metric spaces which is stable under rescaled ultraproducts.
Let (Gi, Si)i∈I be a net of groups equipped with symmetric generating subsets. For every i ∈ I, let
σi be a controlled isometric action without fixed points of (Gi, Si) on Xi. For each i, there exist a
cofinal ultrafilter U on I, a space XU ∈ X , and a controlled isometric action σU of the ultraproduct
(GU , SU ) on XU with positive displacement.

Proof. Let ni and U be as in Lemma 5.4.3. By Lemma 5.4.2, there exist points xi ∈ Xi such that

inf
|xiy|≤nidi(xi)

di(y) ≥ (1− 1/ni)di(xi)

We can consider the ultralimit σU = limU σn which defines a controlled isometric action σU of GU
on the metric space XU = limU (Xi, dXi

/di(xi), xi). For any y = (yi) ∈ XU there is k ∈ N with
|xiyi| ≤ kdi(xi) for all i. For all i with ni ≥ k we get di(yi) ≥ (1− 1/ni)di(xi), so there is si ∈ Si

with |siyi, yi| ≥ (1 − 2/ni)di(xi). Now (si) ∈ SU and dXU ((si) · (yi), (yi)) ≥ 1. So d(y) ≥ 1. In
particular σU has positive displacement.

We can reformulate the proposition as follows.

Corollary 5.4.5. Let X be a family of metric spaces which is stable under rescaled ultraproducts.
Let Gi be a net of bornological groups such that the bornology of Gi is generated by Si ⊆ Gi.
Suppose that the Gi do not have property (FX ). Then there is a cofinal ultrafilter U such that the
ultraproduct GU , with bornology generated by SU , does not have property (FX ). Better: GU admits
a controlled isometric action with positive displacement on some element of X .

See also [8, Proposition 1.1] for a similar result.

5.4.2 Boundedly presented groups

Definition 5.4.6. A bornological group G is boundedly presented if there is a bounded symmetric
set S which generated the bornology, and a set of relations R consisting of words in S with a
bounded length, such that G = ⟨S | R⟩.

In this section, we show that every bornological group with FH is a quotient of a boundedly
presented group with FH. More generally, we make this statement for FX where X is any fam-
ily of uniformly convex metric spaces closed under taking closed convex subspaces and rescaled
ultraproducts.
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Theorem 5.4.7. Let X be a family of uniformly convex metric spaces closed under taking closed
convex subspaces and rescaled ultraproducts. Let G be a bornological group with bounded geometry
and bornology generated by a single set. Assume G has property FX . There is a boundedly presented
bornological group G′ with bounded geometry and property FX together with a quotient map G′ ↠ G.

Proof. By assumption there is a symmetric subset S ⊆ G generating the bornology, which we can
also take to be gordo. Then S2 ⊆ g1S ∪ · · · ∪ gkS. Let N large enough that gi ∈ SN for 1 ≤ i ≤ k.
Let R be the set of all words in S that evaluate to the identity in G, so that G = ⟨S | R⟩. For
n ≥ N + 3, let Rn be all words in R of length at most n, and let Gn = ⟨S | Rn⟩. Note that G
is a quotient of Gn. Since n ≥ N + 3, we already have S2 ⊆ g1S ∪ · · · ∪ gkS in Gn, showing that
Gn has bounded geometry. Suppose that none of the Gn have property FX . Then by Corollary
5.4.5, there is a free ultrafilter U on N such that the ultraproduct GU does not have property FX .
We have a map f : G → GU as follows: for each g ∈ G, write g = s1 · · · sl with l minimal, and
put f(g) = (s1 · · · sl) ∈ GU . The choice of representation of g is not unique, but the element
s1 · · · sl ∈ Gn will be unique for large enough n, thus giving a well-defined map. Now let (gn) ∈ GU
be any element. Note that the gn are all in Sl for some fixed l, and Sl is covered by finitely many
left translates of S. So there are h1, . . . , hm ∈ G and for each n there is 1 ≤ in ≤ m and sn ∈ S
such that the equality gn = hinsn holds in G. For large enough n, this inequality then holds in Gn

as well. Then there is one i such that {n | in = i} ∈ U , and (gn) = f(hi) · (sn). So GU = f(G)SU ,
showing that G is coarsely dense in GU . By Proposition 5.2.5, we get a contradiction. So one of
the Gn satisfies our criteria.

5.4.3 Marked locally compact groups

Since there exists no good notion of free group in the category of compactly generated locally
compact groups, we shall rather work with a relative notion of marked groups in this setting.

Given a locally compact compactly generated group, a generating subset S will be called ad-
missible if it is symmetric, compact, equal to the closure of its interior, and a neighbourhood of the
identity.

Definition 5.4.8. Let G0 be a locally compact compactly generated group and let S0 be an
admissible generating subset.

(i) A (G0, S0)-marked group is a pair (G, πG), where πG : G0 → G is a continuous surjective
homomorphism whose kernel does not intersect the interior of S0.

(ii) An isomorphism (G, πG) → (G′, πG′) is a continuous isomorphism φ : G → G′ such that
φ ◦ πG = πG′ . An isomorphism class is completely determined by the kernel of πG.

(iii) We denote by M(G0, S0) the set of isomorphism classes of (G0, S0)-marked groups.

(iv) We equip M(G0, S0) with the Chabauty topology on closed subgroups of G0.

Note that the subgroups kerG are (uniformly) discrete, in particular they are closed. Let H a
closed subgroup of G. We recall a basis (ΩV,K(H))K,V of neighbourhoods of H for the Chabauty
topology, where V are neighbourhoods of 1G0 and K are compact subsets: each set ΩV,K(H)
consists of all closed subgroups H ′ such that H ∩K ⊂ (H ′ ∩K)V and H ′ ∩K ⊂ (H ∩K)V . The
space of closed subgroups of a locally compact group is well-known to be compact for the Chabauty
topology. Since the condition that the subgroups avoid the interior of S0 is a closed condition, this
turns M(G0, S0) into a compact topological space.
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Proposition 5.4.9. [7, Proposition 8.A.15. L] We let G be a locally compact group, and let S ⊂ G
be an admissible generating set. Let Ĝ be the group defined by the presentation ⟨S | R⟩, where R
consists of all words of the form s1s2s3 such that s1s2s3 ≡ 1 in G. Then Ĝ admits a unique locally
compact group topology such that the projection π : Ĝ → G is a homeomorphism in restriction to
S.

Corollary 5.4.10. We let G be a locally compact group, and let S ⊂ G be an admissible generating
set. Then (G, πG) ∈ M(G0, S0) for some compactly presented G0. Moreover, every open set in
M(G0, S0) containing (G, πG) contains an element (G′, πG′) such that ker(πG′) ⊆ ker(πG) and G′

is compactly presented.

Proof. The first statement is an immediate consequence of Proposition 5.4.3. For the second state-
ment: let Hn be the normal subgroup of G0 spanned by kerπG ∩ (S0)n and let Gn := G0/Hn for
all n ≥ 2. Clearly Hn converges to kerπG in the Chabauty topology. By construction, we have
Hn = kerπGn . This shows that (Gn, πGn) converges to (G, πG). So we can put (G′, π′

G) = (Gn, πGn)
for some large enough n. Besides, a compact presentation for (G′, πG′) is given by ⟨S0 | R0 ∪Rn⟩,
where ⟨S0 | R0⟩ is a compact presentation of G0 and Rn is the set of words of length ≤ n in S0

representing elements of kerπG.

Lemma 5.4.11. Let (Gi, πGi
)i∈I ∈ M(G0, S0) be a net converging to (G, π), and let U be a cofinal

ultrafilter on I. Denote Si = πGi
(S), and let (GU , SU ) be the bounded ultraproduct with respect to U

of (Gi, Si). There is a surjective homomorphism p : GU → G such that p(SU ) = πG(S). Moreover
ker(p) ⊂ SU .

Proof. Let (G0
U , S

0
U ) denote the bounded ultraproduct of the constant sequence (G0, S0) with re-

spect to U . Consider the canonical surjective homomorphism πU = limU πGi
: (G0

U , S
0
U ) → (GU , SU ).

Let N0 be the subset of G0
U consisting of sequences gi ∈ S0 such that limU gi = 1G0 .

We note that N = πU (N
0) coincides with the subset of GU consisting of nets πGi

(gi) ∈ Si such
that limU gi = 1G. Since G0 is locally compact, for all bounded nets (gi) in G0, there exists a
unique g ∈ G0 such that limU gi = g, or equivalently such that limU g

−1gi = limU gig
−1 = 1G0 .

This implies that N0 is a normal subgroup and that G0
U/N

0 is canonically isomorphic to G0. It
follows that N is a normal subgroup of GU . We have the following commutative diagram, which
we want to complete by adding the arrow p.

N0 −−−−→ G0
U

p0

−−−−→ G0y πU

y yπG

N −−−−→ GU
p?−−−−→ G

Now for all bounded nets (ki) ∈ ΠiGi, let (gi) be a bounded net inG0 such that πGi(gi) = ki, and
let k = πG(g) where g = limU gi. We need to show that k does not depend on the choice of lifted net
(gi), or equivalently, that if (hi) is a bounded net such that hi ∈ kerπGi

, then πG ◦ p0((hi)) = 1G.
By assumption, kerπGi

converges to kerπG, hence limU hi ∈ kerπG, so this is proved. Setting
p((gi)) = k, this shows that p is a well-defined morphism.

It is clear by construction that p is surjective (since p0 is surjective). We are left to checking
that N = ker p. The inclusion N ⊂ ker p follows by commutativity of the diagram. For the other
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inclusion, let (ki) ∈ ker p. Let (gi) be a lift of (ki) in G0
U . We have that p0((gi)) belongs to the

kernel of πG, meaning that limU gi ∈ kerπG. But since kerπGi converges to kerπG, this means
that there exists hi ∈ kerπGi

such that limU h
−1
i gi = 1G0 . On replacing (gi) by (h−1

i gi), which is
another lift of (ki), we have that (gi) ∈ N0. Hence (ki) lies in πU (N

0) = N . This ends the proof of
the fact that N = ker p.

Since N ⊂ SU , we also get the last statement of the lemma.

We recall for convenience the statement of Theorem 5.B before proving it.

Theorem 5.4.12. Let X be a family of uniformly convex metric spaces, closed under taking rescaled
ultraproducts and closed under taking closed convex subspaces. Let G be a compactly generated
locally compact group such that every continuous isometric action on an element of X as almost
fixed points. Then G has property FX .

Proof. Let us argue by contradiction and assume G does not have property FX . By Corollary 5.4.5,
GU has a controlled action σ on some X ∈ X with positive displacement. We let p : GU → G be
the projection from Lemma 5.4.11. Since ker(p) ⊂ SU and the action is controlled, we deduce that
the orbits of ker p are bounded. Hence the closed convex set Y of ker p-fixed point is non-empty
and σ(GU )-invariant. Moreover the restriction of σ to Y factors through G. Applying Proposition
5.1.5, we find a closed convex subspace Z ⊂ Y on which the action of G is continuous. Since this
action is a subaction of σ it still has positive displacement: contradiction.

Another corollary of Lemma 5.4.11 is the following.

Theorem 5.4.13. Let X be a family of uniformly convex metric spaces which is stable under
rescaled ultraproduct and closed under taking closed geodesic subspaces. The subset of S-marked
groups (G, πG) such that G has property FX forms an open subset of M(G0, S0).

Corollary 5.4.14. The subset of S-marked groups (G, πG) such that G has property (T) forms an
open subset of M(G0, S0).

Proof. We shall prove that groups without FX form a closed subset of M(G0, S0). Let (Gi, πGi) ∈
M(G0, S0) be a net converging to (G, πG), and let U be a cofinal ultrafilter as in Proposition 5.4.4.
Denote Si = πGi

(S). We deduce from Corollary 5.4.5 that the bounded ultraproduct (GU , SU ) of
the net (Gi, Si) does not have FX . Let σ be a controlled isometric action without fixed points of
the bornological group (GU , SU ) on some X ∈ X . Since SU has bounded orbits, the kernel N of the
surjective homomorphism p : GU → G given by Lemma 5.4.11 has bounded orbits, hence admits a
fixed point v. Since N is normal in GU , the set XN of σ(N)-fixed points is a closed σ(GU )-invariant
subspace of X. We observe that in a uniformly convex metric space, any pair of points is joined
by a unique geodesic, hence it follows that the set of σ(N)-fixed points is convex, and therefore
XN ∈ X . The restriction of σ to XN induces an action of G, and by Proposition 5.1.5, we may find
a closed convex subspace of XN on which the action of G is continuous. Hence G does not have
property FX and we are done.

Finally, we restate Theorem 5.C before proving it.

Theorem 5.4.15. Let X be a family of uniformly convex metric spaces, closed under taking rescaled
ultraproducts and closed under taking closed convex subspaces. Let G be a compactly generated locally
compact group with property FX . Then there exists a compactly presented locally compact group G′

with property FX , and a continuous surjective homomorphism G′ → G with discrete kernel.
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Proof. Let S ⊂ G be a compact symmetric generating neighbourhood of the identity. We then
conclude by applying Corollary 5.4.10 and Theorem 5.4.13.

5.5 A focus on actions on Hilbert spaces

The main goal of this section is to relate our two versions of coarse property (T) and coarse
property FH, and to prove Proposition 5.1.12. The first one is an adaptation the classical argument
by Delorme and Guichardet, and while Proposition 5.1.12 might hold for actions on more general
Banach spaces, we were only able to prove it for Hilbert spaces.

5.5.1 Delorme-Guichardet for bornological groups

Just like in the topological case, there is a connection between properties (T) and FH. The proof
is similar to the proof of the Delorme-Guichardet Theorem, as seen in [5]. We say the bornology
of a bornological group G is generated by a single set if there is some bounded set A such that for
each bounded set C ⊆ G, there is some n with C ⊆ An. In particular, A generates G as a group.

Proposition 5.5.1. Let G be a bornological group.

(i) If G has coarse property (T-) (resp. (T)) then it has coarse property FH- (resp. FH).

(ii) If G has coarse property FH- (resp. FH) and its bornology is generated by a single set, then
it has coarse property (T-) (resp. (T)).

Proof. First suppose that G has coarse property (T-). As in [5, Proposition 2.11.1], we ca construct
a real Hilbert space Ht, a map Φt : H → Ht and an orthogonal representation πt : G → O(Ht)
satisfying

⟨Φt(v),Φt(w)⟩ = exp(−t∥v − w∥2)

and
πt(g)Φt(v) = Φt(α(g)v)

and the linear span of Φt(H) is dense in Ht.
Consider the direct sum of all these representations

⊕
t>0 πt : G → O(

⊕
t>0 Ht). This has

almost invariant vectors: let A ⊆ G be bounded and ε > 0. Consider the vector Φt(0) for some
t > 0. It satisfies

⟨πt(a)Φt(0),Φt(0)⟩ = ⟨Φ(t)(α(a)(0)),Φt(0)⟩ = exp(−t
∥∥α(a)(0)∥∥2)

for each a ∈ A. Since α is controlled, we can choose t > 0 such that the right-hand side is always

at least 1 − ε. Then
∥∥πt(a)Φt(0)− Φt(0)

∥∥2 = 2 − 2⟨πt(a)Φt(0),Φt(0)⟩ ≤ 2ε, showing that Φt(0) is
an almost invariant vector.

Since G has coarse property (T-) there is some invariant vector. This has to have a non-zero
coordinate in some Ht, so there is some t > 0 for which a non-zero invariant vector w ∈ Ht exists.
Suppose the orbits of α are unbounded. Let v ∈ H be a vector and let gn ∈ G be a sequence such
that {α(gn)v} is unbounded. Then the sequence (Φt(α(gn)v)) converges weakly to 0. For each n
we have

⟨w,Φt(v)⟩ = ⟨w, πt(gn)(Φt(v))⟩ = ⟨w,Φt(α(gn)v)⟩.
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Taking the limit as n→ ∞ shows ⟨w,Φt(v)⟩ = 0. Since Φt(H) is dense in Ht it follows that w = 0.
This is a contradiction, so α has bounded orbits, and has a fixed point as well. So G has property
FH.

Suppose G has property (T-). We use the same construction as above, but we start with an
affine action α that is well controlled, and we need the representation πt to be controlled. So let
A ⊆ G be bounded and w ∈ Ht. We need to show that πt(A)w is relatively compact. First consider
the case that w = Φt(v) for some v ∈ H. The map Φt : H → Ht is continuous, and α(A)v is
relatively compact, so π(A)w = Φt(α(A)v) is relatively compact as well. Now if w is in the span
of Φt(H) it follows that π(A)w is still relatively compact. Finally, since the span of Φt(H) is dense
in Ht it follows that π(A)w is relatively compact for all w ∈ Ht. The rest of the argument is the
same as above and it follows that G has coarse property FH-.

Now suppose the bornology of G is generated by some bounded set A, and that G has coarse
property FH. Let π : G → O(H) be an orthogonal representation to a real Hilbert space H, and
suppose that it has almost invariant vectors, but no invariant vector. Then for any natural number
n we can find a unit vector vn ∈ H with

∥∥π(a)vn − vn
∥∥ ≤ 2−n for all a ∈ A. Now define the map

b : G →
⊕

n H by b(g) = (π(g)vn − vn). We have b(gh) = π(g)b(h) + b(g), and for a ∈ A, we have∥∥b(a)∥∥ < 1 by the inequality above. If C ⊆ G is bounded, there is some n with C ⊆ An, and it

follows that
∥∥b(c)∥∥ < n (in particular, the norm is finite, and b is well-defined).

Now define the affine action α : G ↷
⊕

n H by α(g) =
⊕

n π(g) + b(g). We see that α is
controlled, so it has a fixed point (wn). For large enough n we must have ∥wn∥ < 1. For such n we
have α(wn) = wn, so wn = π(g)(wn)+π(g)(vn)−vn for all g ∈ G. This gives π(g)(wn+vn) = wn+vn.
But π has no fixed point, so wn = −vn, which as norm 1, a contradiction. So G has coarse property
(T).

Lastly, suppose the bornology of G is generated by some bounded set A, and that G has coarse
property FH-. We use the same construction again, and we just have to show that if π is controlled,
then α is well controlled. So let (ηn) ∈

⊕
n H and let C ⊆ G be bounded. For each n, the set

{π(C)ηn} is relatively compact. So the set {(π(c)ηn) | c ∈ C} is also relatively compact. The set
π(C)ξn is also relatively compact for each n, so {(π(c)(ξn)− ξ(n) | c ∈ C} is relatively compact as
well. It follows that α(C)(ηn) = {(π(c)ηn + π(c)(ξn)− ξ(n) | c ∈ C} is relatively compact. So α is
well controlled. The rest of the argument is the same as before, and it follows that G has coarse
property (T-).

For bornological groups with bounded geometry, coarse property (T-) implies already that the
bornology is generated by a bounded set.

Proposition 5.5.2. Let G be a bornological group with bounded geometry. Suppose G has coarse
property (T-). Then the bornology is generated by a bounded set.

Proof. Let (A, ε) be a Kazhdan pair. We can assume that A is also gordo. Let H be the subgroup
generated by A. Consider the representation π : G → U(l2(G/H)), given on basis vectors egH
by π(g′)egH = eg′gH . We show that this is a controlled representation. Let C ⊆ G be bounded
and consider a basis vector egH ∈ l2(G/H). since A is gordo, we can find g1, . . . , gn with Cg ⊆
g1A ∪ · · · ∪ gnA. Then π(C)egH = {ecgH | c ∈ C} ⊆ {egiH | 1 ≤ i ≤ n} is finite. It follows that
π(C)ξ is compact for all ξ ∈ l2(G/H), so π is a controlled representation.

The basis vector eH ∈ l2(G/H) satisfies π(a)eH = eH for all a ∈ A. Since (A, ε) is a Kazhdan
pair, it follows that the representation has a constant vector. But this means that G/H is finite.
So if we add finitely many elements to A, we can generate the whole group with a bounded set A′.
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To finish the proof we need to use bounded geometry again. For a bounded set C we can write
C ⊆ g1A ∪ · · · ∪ gnA. We can find k such that gi ∈ Ak for 1 ≤ i ≤ n. Then C ⊆ Ak+1. So the
bornology is generated by a bounded set.

5.5.2 Proof of Theorem 5.F

Let us recall the statement of Proposition 5.1.12.

Proposition 5.5.3. Let G be a bornological group with bounded geometry and let α : G ↷ H be a
controlled affine action on a Hilbert space. There is a non-empty invariant closed subspace H′ such
that the restriction of α to H′ is well controlled.

Proof. Let C ⊆ G be gordo. Let Λ = α(C)(0). Let v be a shopping centre of Λ. We will show that
α(D)(v) is relatively compact for all bounded D ⊆ G.

Since C is gordo we can write DC ⊆ g1C ∪ g2C ∪ · · · ∪ gkC, with gi ∈ G. Let ∆ = α(DC)(0) ⊆⋃k
i=1 α(gi)Λ. Every element of α(D)(v) can be written as α(g)v with g ∈ D, and this is a shopping

centre of α(g)Λ ⊆ ∆. By Lemma 5.2.11, we see that α(D)(v) is relatively compact.
Now it follows easily that α(D)w is relatively compact for all w ∈ α(G)v. Then this also holds

for w in the affine hull of α(G)v. Let H′ be the closure of the affine hull of α(G)v. Then it follows
that the restriction of α to H′ is well controlled.

Theorem 5.5.4. For bornological groups with bounded geometry, coarse (T) and coarse (T-) are
equivalent. Similarly, coarse FH and coarse FH- are equivalent for these groups.

Proof. Suppose G has coarse property FH-. Consider a controlled affine action α : G ↷ H. By
Proposition 5.1.12, there is a non-empty closed invariant subspace H′ such that the restriction of
α to H′ is well controlled. Then there is a fixed point in H′. So G has coarse property FH.

Now note that G has coarse property (T) if and only if its bornology is generated by a bounded
set and G has coarse property FH, while G has coarse property (T-) if and only if its bornology is
generated by a bounded set and G has coarse property FH-. So coarse (T) and coarse (T-) are also
equivalent.

We will use this theorem to prove the following result. For a bornological group G and an
ultrafilter U on any index set I, we consider the bounded ultraproduct GU which is the quotient
of bounded sequences {(gn) | {gn} is bounded} by the equivalence relation (gn) ∼ (hn) if {n | gn =
hn} ∈ U . This has a natural bornology generated by the images of AI for bounded A ⊆ G.

Proposition 5.5.5. Let G be a bornological group with bounded geometry and let U be an ultrafilter
on I. Then G has coarse property FH if and only if GU has coarse property FH.

Proof. Let C ⊆ G be a gordo set. Assume that G has property coarse (FH). We have an embedding
j : G→ GU . Consider (gi) ∈ GU . Since all gi must be contained in a bounded set and C is gordo,
we can find finitely many h1, . . . , hn ∈ G such that for all i there is 1 ≤ ki ≤ n and ci ∈ C with
gi = hkici. Then there is one 1 ≤ k ≤ n such that {i | ki = k} ∈ U . We find (gi) = hk(ci) ∈ j(G)CU .
Thus j(G)CU = GU , showing that G is coarsely dense in GU . Now consider a controlled action
α : GU ↷ H on a Hilbert space. Precomposing with j yields a controlled action of G, which must
have a fixed point v. Then the orbit α(GU )v is bounded, so its centre must be a fixed point for α.
So GU has coarse property (FH).
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Now suppose that GU has coarse property (FH). We will show that G has coarse property (FH-),
which will be enough by Theorem 5.F. So let α : G↷ H be a well-controlled action. We define the
new representation β : GU ↷ H by the formula

β((gi))v = lim
U
α(gi)v.

For any element (gi) of GU the set {(gi)} is bounded, so the set {α(gi)v} ⊆ H is relatively compact,
showing that the limit on the right hand side exists. So β is well-defined, and then it is straight-
forward to check that it defines a well-controlled affine action. Therefore β has a fixed point v,
which is then a fixed point for α as well.

5.5.3 Proof of Theorem 5.D

We need the following well-known lemma.

Lemma 5.5.6. Let π : G ↷ H be a unitary representation of a group G. Denote by pG the
projection on the G-invariant vectors. Then pGv belongs to the closed convex hull π(G)v for all
v ∈ H.

Proof. There exists a unique vector v0 of minimal norm in the closed convex hull of π(G)v, which
is then π(G)-invariant. For all w ∈ π(G)v we have that w − v is perpendicular to the G-invariant
vectors. So this holds for v0 as well, showing that v0 = pGv.

Theorem 5.5.7. Let (G,B) be a bornological group with bounded geometry, whose bornology is
generated by a single set. Let p : G → Q be a surjective morphism and equip Q with the induced
bornology p(B). Assume that the kernel A = ker(p) is central in G and coarsely contained in the
commutator [G,G]. Then G has coarse property (T) if and only if Q has coarse property (T).

Proof. If G has property (T) then so does Q, since it is a quotient. So suppose Q has property (T),
and therefore also property (FH). Let U be a free ultrafilter on N. First we show that any affine
action of the bounded ultraproduct GU on a Hilbert space H has almost invariant vectors. Note
that we have a surjective morphism GU → QU with central kernel AU .

So let σ : GU ↷ H be an affine transformation. By Proposition 5.1.12 we may assume that σ is
well controlled. We write σ(g)v = π(g)v+ b(v) where π is a representation and b is a cocycle for π,
i.e. it satisfies b(gh) = π(g)b(h) + b(g) for g, h ∈ GU .

Let HG be the subspace of H consisting of π(GU )-invariant vectors and let bG denote the
projection of b ontoHG. Then the cocycle condition gives bG(gh) = bG(g)+bG(h), so bG : GU → HG

is a morphism to an abelian group. Since A has bounded geometry, we can prove similarly to the
proof of 5.5.5 that A is coarsely dense in AU . Since A is coarsely contained in [G,G] it follows that
AU is also coarsely contained in [GU , GU ]. Since b

G is a controlled map we find that bG is bounded
on AU . But then for any a ∈ AU and n ∈ Z we have bG(an) = nbG(a) and boundedness implies
that bG is 0 on AU .

Now let HA be the subspace of H consisting of π(AU )-invariant vectors and let pA be the
projection onto HA and bA = pA ◦ b. The projection of the cocycle condition gives bA(gh) =
π(g)bA(h) + bA(g) for g, h ∈ GU . Using that AU is central in GU we find, for a ∈ AU and g ∈ GU :

bA(g) + bA(a) = π(a)bA(g) + bA(a) = bA(ag) = bA(ga) = π(g)bA(a) + bA(g)
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so bA(a) is a π(GU )-invariant vector. This implies that bA(a) = bG(a) = 0. The cocycle condition
then gives bA(ga) = bA(a) for g ∈ GU and a ∈ AU . Hence bA factorizes through a cocycle
b′ : QU → HA. This gives a controlled affine action of QU on HA. Since QU has property (FH)
it follows that there is an invariant vector v0 ∈ HA. This vector satisfies pA(σ(g)v0)) = v0 for all
g ∈ GU .

Let B ⊆ GU be a bounded set and ε > 0. Since σ is well controlled, σ(B)(v0) ⊆ (pA)−1(v0)
is relatively compact, so we may select finitely many v1, . . . , vk ∈ (pA)−1(v0) such that σ(B)(v0)
is contained in a union of balls

⋃
1≤j≤k B(vj ,

ε
2 ). We apply Lemma 5.5.6 to the representation

AU ↷ Hk and the vector (v1, . . . , vk). We find a1, . . . , an ∈ A and t1, . . . , tn ∈ [0, 1] with sum 1
such that

∥∥∑n
i=1 tiπ(ai)vj − v0

∥∥ < ε
2 for 1 ≤ j ≤ k. Let w =

∑n
i=1 tiσ(ai)(v0). Then for g ∈ B we

have
∥∥σ(g)(v0)− vj

∥∥ < ε
2 for some j, and then

∥∥σ(g)w − w
∥∥ =

∥∥∥∥∥∥
n∑

i=1

(tiσ(gai)(v0)− tiσ(ai)(v0))

∥∥∥∥∥∥
=

∥∥∥∥∥∥
n∑

i=1

(tiσ(ai)σ(g)(v0)− tiσ(ai)(v0))

∥∥∥∥∥∥
=

∥∥∥∥∥∥
n∑

i=1

tiπ(ai)(σ(g)(v0)− v0)

∥∥∥∥∥∥
=

∥∥∥∥∥∥
n∑

i=1

tiπ(ai)(σ(g)(v0))− v0

∥∥∥∥∥∥
≤

∥∥∥∥∥∥
n∑

i=1

tiπ(ai)vj − v0

∥∥∥∥∥∥+ ε
2

< ε.

So w is an almost invariant vector for B. This shows that any affine controlled representation of
GU has almost invariant vectors.

Now to finish the proof we use Proposition 5.4.4: if G would not have property (FH), we find
a controlled affine action of the ultraproduct GU with positive displacement, and thus not with
almost invariant vectors. So G must have property (FH) and hence property (T) since it has
bounded geometry and its bornology is generated by a single set.

5.5.4 The group Homeo+Z (R)

Let Homeo+Z (R) be the group of lifts of orientation-preserving homeomorphisms of the unit circle,
as described in [46, §3.4]. It can be described explicitly as

Homeo+Z (R) = {f : R → R homeomorphism | f(x+ n) = f(x) + n for all x ∈ R, n ∈ Z}.

Rosendal shows that the bornology OB can be described as follows: a subset A ⊆ Homeo+Z (R)
is bounded exactly when the set {a(0) | a ∈ A} ⊆ R is bounded. In particular it follows that
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Homeo+Z (R) is coarsely equivalent to Z. We can use Theorem 5.D to prove that this group has
property (T) as a bornological group.

Corollary 5.5.8. The group Homeo+Z (R) equipped with OB has coarse property (T). Hence, it also
has coarse property FH (and in particular topological property FH).

Proof. There is a short exact sequence of Polish groups:

1 → Z → Homeo+Z (R) → Homeo+(R/Z) → 1,

where Z is central. Here Z has the discrete bornology and Homeo+(R/Z) is bounded. From the
explicit description of the bornology on Homeo+Z (R) it is clear that Homeo+(R/Z) is the image of
a single bounded set. Moreover, the bornology of Homeo+Z (R) is generated by the single bounded
set S = {a ∈ Homeo∗Z(R) | 0 ≤ a(0) ≤ 1}.

For x ∈ R denote by {x} the fractional part of x. Consider a, b ∈ Homeo∗Z(R) given by a(x) =
x − 1

4 and b(x) = x + 2{x} if {x} ≤ 1
4 and b(x) = x + 2

3 − 2
3{x} if {x} ≥ 1

4 . Then [a, b](0) = 1
2

and [b−1, a−1]( 12 ) = 1. So [b−1, a−1][a, b] sends 0 to 1. Then
(
[b−1, a−1][a, b]

)n
sends 0 to n. So

the collection {
(
[b−1, a−1][a, b]

)n | n ∈ Z} is coarsely dense in Homeo+Z (R), so in particular, the

commutator subgroup is coarsely dense. So the conditions of Theorem 5.D apply, and Homeo+(R/Z)
has coarse property (T). It also follows that this group has topological property FH, because this
is a weaker statement.

In the same chapter of his book, Rosendal considers two other similar examples of Polish groups:

– the group AutZ(Q) of order-preserving permutations of Q commuting with integral transla-
tions, equipped with the permutation group topology.

– the subgroup AC∗
Z(R) of Homeo+Z (R) consisting of all h so that h and h−1 are absolutely

continuous when restricted to [0, 1], equipped with a certain topology (see [22]).

For similar reasons, these two groups equipped with OB are quasi-isometric to Z, and satisfy the
assumptions of Theorem 5.D, and so they have coarse property (T) as well.

5.6 Bounded products

In this section we prove Proposition 5.1.14 and Theorems 5.G and 5.H.

Proposition 5.6.1. Let Γn be a sequence of groups with finite sets of generators Sn. Let G =∏
n{Gn, Sn} be their bounded product, with the bornology B and topology τ introduced in the Intro-

duction. Then we have B = OB = K.

Proof. Let A ∈ B. We show that A is relatively compact for τ by showing that every ultrafilter U
on A has a limit point. Since A is bounded there is an integer L such that for all (an) ∈ A we have
an ∈ SL

n for all n. Then we can define the ultralimit cn = limU an ∈ SL
n . Then (cn) ∈ A. We show

that it is a limit of U . Let (cn) · Uρ be an open set containing (cn). Then there is an N such that
ρ(n) ≥ 2L for all n > N . Then (cn) · Uρ ∩ A ⊇ {(an) ∈ A | an = cn for all n ≤ N}, and since the
latter is in U , so is the former, showing that U converges to (cn) and that A ∈ K.

We always have K ⊆ OB so it remains to show that OB ⊆ B. We use Proposition 5.3.2(iii).
Suppose that A ̸∈ B. Then for any positive integer i we can find ((ai)n) ∈ A and ni ∈ N with
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l((ai)ni) > i2i. Let ρ : N → Z≥1 be a proper function satisfying ρ(ni) ≤ i for all positive integers
i. For k ≥ 1 let Vk = U2kρ. Then V 2

k ⊆ Vk+1 and
⋃

k Vk = G. For all i we have ((ai)n) ∈ A, but
l((ai)ni

) > i2i ≥ 2iρ(ni) so ((ai)n) ̸∈ Vi. So A ̸⊆ Vi, showing that A ̸∈ OB.

We recall the statement of Theorem 5.G:

Theorem 5.6.2. Let Γn be a sequence of finite groups with symmetric generator sets Sn. Suppose
that supn |Sn| < ∞. Let X be the coarse disjoint union of the Cayley graphs Cay(Γn, Sn). Then
the bounded product G has topological property (T) if and only if X is an expander sequence.

Proof. Suppose G has topological property (T). For each n, let L2
0Γn denote the Hilbert space of

functions on Γn with sum zero. The group Γn acts by multiplication on L2
0Γn. Precomposing

with the projection G → Γn gives a representation of G on L2
0Γn. Taking the direct sum gives a

representation of G on
⊕

n L
2
0Γn. This is a continuous representation without any invariant vectors.

By property (T), there are also no almost invariant vectors. This shows that X is an expander
sequence.

Conversely, suppose that X is an expander sequence. Let Mn be the normalized adjacency
matrix of Γn. There is a constant h > 0 such that the spectrum σ(Mn) is contained in [h− 1, 1−
h] ∪ {1} for all n. Then the normalized adjacency matrix of the product group Γ1 × · · · × ΓN

is M1 ⊗ · · ·⊗MN . Its spectrum is still contained in [h − 1, 1 − h] ∪ {1}. For any representation
Γ1 × · · · × ΓN ↷ H, denote by p≤N the projection on the invariant vectors. Then we get

h
∥∥p≤Nv − v

∥∥ ≤
∥∥v − p≤Nv

∥∥−∥∥(M1 ⊗ · · ·⊗MN )(v − p≤Nv)
∥∥

≤
∥∥(M1 ⊗ · · ·⊗MN )v − v

∥∥
≤ sup

s∈S1×···×SN

∥sv − v∥ .

Now let π : G → U(H) be a continuous representation with almost invariant vectors. Let
C =

∏
n Sn ⊆ G. Let k0 = ⌈2h−1⌉. Since the representation has almost invariant vectors, there is

a unit vector vk0
∈ H such that ∥svk0

− vk0
∥ ≤ 1

k0
for all s ∈ C. We will recursively construct unit

vectors vk ∈ H for k ≥ k0, with∥svk − vk∥ ≤ 1
k for s ∈ C, and∥vk+1 − vk∥ ≤ 4

hk2 . Suppose vk exists.
Since the representation is continuous, there is an integer N such that for every s ∈

∏
n>N Sn, we

have ∥svk − vk∥ < 1
k(k+1) . Let

vk+1 =

(
k−2
k + 2

kp≤N

)
vk∥∥∥∥(k−2

k + 2
kp≤N

)
vk

∥∥∥∥ .
We know that

∥∥p≤Nvk − vk
∥∥ ≤ 1

hk , so

∥∥∥∥(k−2
k + 2

kp≤N

)
vk − vk

∥∥∥∥ ≤ 2
hk2 . In particular we get∥∥∥∥(k−2

k + 2
kp≤N

)
vk

∥∥∥∥ ≥ 1− 2
hk2 and hence ∥vk+1 − vk∥ ≤ 4

hk2 .

Now let s ∈ C and let s>N denote the projection of s on SN+1 × SN+2 × · · · . We get

∥svk+1 − vk+1∥ =
k−2
k (svk − vk) +

2
kp≤N (s>Nvk − vk)∥∥∥∥(k−2

k + 2
kp≤N

)
vk

∥∥∥∥
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≤
k−2
k2 + 2

k2(k+1)

1− 2
hk2

=
k − 2 + 2

k+1

k2 − 2h−1

=
k2 − k

k2 − 2h−1
· 1

k + 1

≤ 1

k + 1
.

So vk+1 satisfies the desired inequalities.
Now the vk form a Cauchy sequence, so there is a limit v, and this will be an invariant vector.

Remark 5.6.3. We could also consider the product topology on G in this Theorem, which is weaker
than τ , because the representation constructed in the first part of the proof is also continuous for
this topology.

If we take all possible finite quotients (up to isomorphism) of Γ (of which there are necessarily
only countably many), we find a new criterion for property (τ).

Corollary 5.6.4. Let Γ be a finitely generated residually finite group, generated by the symmetric
set S. Let Γ1,Γ2, . . . be all finite quotients of Γ and let G be their bounded product. Then Γ has
property (τ) if and only if G has topological property (T).

Proof. It is well known that Γ has property (τ) if and only if the sequences of Cayley graphs
Cay(Γn, S) is an expander sequence [33]. By Theorem 5.G, this is equivalent to G having topological
property (T).

Now we turn to the coarse property (T) for the bounded product G. For a sequence of finitely
generated groups (Γn, Sn) and an ultrafilter U on N, we denote by

∏
n Γn/U the (bounded) ul-

traproduct, that is, the quotient of the set of sequences G = {(gn) ∈ Γn | supn l(gn) < ∞}
by the equivalence relation (gn) ∼ (hn) if ∀Un[gn = hn]. This is again a finitely generated
group. If the Sn are bounded in size, we can identify them all with a fixed symmetric set S,
and view Γn as a quotient φn : FS ↠ Γn. Then

∏
n Γn/U is equal to FS/ limU ker(φn), where

limU ker(φn) = {g ∈ FS | ∀Un : g ∈ ker(φn)}. For any quotient Γ of FS , we say the spectral gap
of Γ is the largest γ ∈ R such that the spectrum of the operator ∆S =

∑
s∈S 1 − s ∈ C∗

max(Γ) is
contained in {0} ∪ [γ,∞).

Before proving Theorem 5.H we need a lemma. It is clear that any finite product of groups with
property (T) has property (T) again. The lemma quantifies this. For a finitely generated group
Γ, generated by a symmetric set S containing the identity, let MS ∈ C[Γ] denote the averaging
operator MS = 1

|S|
∑

s∈S s. Denote by σmax(MS) the spectrum of MS in the maximal C∗-algebra

C∗
max(Γ). Then Γ has property (T) if and only if there is ε > 0 with σmax(MS) ⊆ [ε−1, 1−ε]∪{1}.

Lemma 5.6.5. Let Γ1,Γ2 be finitely generated groups, with symmetric generating sets S1 and S2.
Suppose σmax(MSi

) ⊆ [ε − 1, 1 − ε] ∪ {1} for i ∈ {1, 2}. Then the group Γ1 × Γ2 is generated by
S1 × S2 and σmax(MS1×S2

) ⊆ [ε− 1, 1− ε] ∪ {1}.
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Proof. Consider a representation of Γ1 × Γ2 on a Hilbert space H without constant vectors. Let
v ∈ H. Note that the subspace HΓ1 of Γ1-invariant vectors is a subrepresentation, and it contains
no Γ2-invariant vectors. Let w be the projection of v onto HΓ1 . Then∥MS1×S2

w∥ =∥MS2
MS1

w∥ =
∥MS2

w∥ ≤ (1 − ε)∥w∥. We also have
∥∥MS1×S2

(v − w)
∥∥ =

∥∥MS2
MS1

(v − w)
∥∥ ≤

∥∥MS1
(v − w)

∥∥ ≤
(1− ε)∥v − w∥. we get

∥MS1×S2
v∥2 =∥MS1×S2

w∥2 +
∥∥MS1×S2

(v − w)
∥∥2 ≤ (1− ε)2∥v∥2 .

This shows that σmax(MS1×S2
) ⊆ [ε− 1, 1− ε] ∪ {1}.

We now recall the statement of Theorem 5.H.

Theorem 5.6.6. Let Γn be a sequence of finite groups with symmetric generator sets Sn. Suppose
that supn |Sn| < ∞. Let X be the coarse disjoint union of the Cayley graphs Cay(Γn, Sn). The
following are equivalent:

(i) The coarse space X has geometric property (T).

(ii) All ultraproducts GU =
∏

n Γn/U have property (T) with uniform spectral gap.

(iii) All ultraproducts GU have property (T).

(iv) There is a finitely generated group Γ with property (T) such that all Γn are a quotient of Γ.

(v) The bounded product G has coarse property (T).

(vi) The bounded product G has coarse property (T-).

Proof. We can assume without loss of generality that |Sn| is constant. Then, we can view each Γn

as a quotient φn : FS ↠ Γn. The ultralimit of these maps is φU : FS ↠ GU .
Suppose (i) holds. Let Ccs[X] denote the Roe algebra of X, and let γ > 0 such that σ(π(∆S)) ⊆

{0}∪ [γ,∞) for all representations π. Let U be an ultrafilter on N and consider a unitary represen-
tation π : GU → U(H). Suppose there is a unit vector v ∈ H, and η with π(∆S)v = ηv. We will
show that η ∈ {0} ∪ [γ,∞), which implies that GU has property (T) with spectral gap at least γ.

For any n, consider the Hilbert space ℓ2(Xn,H). The group FS acts on this by g · ξ(x) =
π(g)(ξ(g−1x)) for ξ ∈ ℓ2(Xn,H) and x ∈ Xn. Now let H′ =

∏
n ℓ

2(Xn,H)/U . We define a
representation π′ : Ccs[X] → B(H′) as follows. Any element of Ccs[X] can (usually non-uniquely)
be written as a finite sum

∑
g∈FS

fgg with fg ∈ ℓ∞X. In other words, Ccs[X] is a quotient of the
∗-algebra ℓ∞(X)⋊ FS . We define π′ by

π′

∑
g∈FS

fgg

 ((ξn)) =


∑

g∈FS

fg · (g · ξn)




for ((ξn)) ∈
∏

n ℓ
2(Xn,H)/U . This is a well-defined ∗-representation of ℓ∞(X)⋊FS . To see that it

induces a representation of Ccs[X], suppose that
∑

g∈FS
fgg = 0 in Ccs[X]. For any g, h ∈ FS we

know that if φn(g) = φn(h) modulo U , then π(g) = π(h). Since only finitely many g occur in the
sum, we know that there is A ∈ U such that for all n ∈ A and all g, h with fg ̸= 0 and fh ̸= 0, we
have that φn(g) = φn(h) implies π(g) = π(h). Now for n ∈ A and x ∈ Xn we have∑

g∈FS

fg · (g · ξn)(x) =
∑
y∈Xn

∑
g|gy=x

fg(x)π(g)(ξn(y)).
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Now if g, h both satisfy gy = x and hy = x we have φn(g) = φn(h), so π(g) = π(h). Moreover by
the assumption that

∑
g∈FS

fgg = 0 we know that
∑

g|gy=x fg(x) = 0 for all x, y ∈ Xn, we see that

the inner sum is zero for each y. Therefore, the map π′ is well-defined representation of Ccs[X].

Consider the unit vector ((ξn)) ∈ H′ given by ξn(x) = |Xn|−
1
2 v for all x ∈ Xn. Then

π′(∆S)((ξn)) = η((ξn)). This shows that η ∈ σ(π′(∆S)) ⊆ {0} ∪ [γ,∞), as we wanted to prove.
The implication (ii) =⇒ (iii) is trivial. Now suppose (iii). First we prove that there is an integer

R such that the group FS/⟨ker(φn) ∩ SR⟩ has property (T), for all n. If this is not the case, then
for every R there is an nR ∈ N such that FS/⟨ker(φnR

) ∩ SR⟩ does not have property (T). Let U
be a non-principal ultrafilter and consider the ultraproduct H =

∏
R ΓnR

/U . This (discrete) group
has property (T) by assumption. By the main theorem of [41], we can write

∆2
S − γ∆S =

k∑
i=1

ξ∗i ξi ∈ R[H]

for some γ > 0 and ξi ∈ R[H]. Let ξ̃i be lifts of ξi in R[FS ]. For large enough R, the supports of
the ξ̃i will be contained in SR/4. Now for most R (in the sense of the ultrafilter) we have

∆2
S − γ∆S −

k∑
i=1

ξ∗i ξi ∈ ker(R[FS ] ↠ R[ΓnR
]) ∩ R[SR/2] ⊆ ker(R[FS ] ↠ R[FS/⟨ker(φnR

) ∩ SR⟩]).

So we see that for these R the spectral gap of FS/⟨ker(φnR
)∩SR⟩ is at least γ, giving a contradiction.

So let R be such that FS/⟨ker(φn) ∩ SR⟩ has property (T) for all n. Let Λ1, . . . ,Λm be all the
groups that can arise in this way. There are only finitely many since there are only finitely many
subsets of SR. All these groups have property (T). Then their product Γ has property (T), and all
Γn are a quotient of Γ, showing the implication (iii) =⇒ (iv).

Now suppose (iv) is true, so all Γn are quotients of a single group Γ with property (T). We can
also assume that Γ is generated by S and Sn is the image of S. We will show that G has coarse
property FH, which is equivalent to coarse property (T) since the bornology of G is generated by
the bounded set

∏
n Sn.

We can assume that S is symmetric and contains the identity. Then there is ε > 0 such that
σmax(MS) ⊆ [ε−1, 1−ε]∪{1}. Let α : G↷ H be a controlled affine action. Let v ∈ H and let C > 0
such that

∥∥α(s)v − v
∥∥ ≤ C for all s ∈

∏
n Sn. Let g ∈ G. We will show that

∥∥α(g)v − v
∥∥ ≤ 2C/ε,

showing that α has bounded orbits.
Since g is in the bounded product, there is an integer k such that g ∈ (

∏
n Sn)

k. Each coordinate
of g is then an image of an element in Sk. Since Sk is finite, this means there is an integer m and
a homomorphism f : Γm → G and an element x ∈ Γm with f(x) = g. By Lemma 5.6.5, we have
σmax(MSm) ⊆ [ε− 1, 1− ε] ∪ {1}.

Let v0 denote the orthogonal projection of v on the subspace of H consisting of Γm-fixed vectors.
Define π : Γm ↷ H by π(y)w = α(f(y))(w+v0)−v0. This defines a representation of π on H. Since
v− v0 is perpendicular to the constant vectors of this representation, we have

∥∥π(MSn)(v − v0)
∥∥ ≤

(1− ε)∥v − v0∥. We also have

∥∥π(MSn)(v − v0)
∥∥ ≥∥v − v0∥ −

∥∥∥∥∥∥ 1

|Sm|
∑
s∈Sm

α(f(s))v − v

∥∥∥∥∥∥ ≥∥v − v0∥ − C.
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This gives ∥v − v0∥ ≤ C/ε. Finally we have∥∥α(g)v − v
∥∥ =

∥∥α(f(x))v − v
∥∥ =

∥∥π(x)(v − v0) + v0 − v
∥∥ ≤ 2∥v0 − v∥ ≤ 2C/ε.

This shows that α has bounded orbits, thus G has coarse property FH, and coarse property (T)
as well, showing (iv) =⇒ (v).

Suppose G has coarse property (T). We will prove that X has geometric property (T). Let
(A, ε) be a Kazhdan pair for G. Let N = sup(gn)∈A supn l(gn) which is finite since A is bounded.

Let π : Ccs[X] → B(H) be a representation. Let v ∈ H⊥
c be a unit vector, perpendicular to all

constant vectors. Note that G acts on L2X, and this gives a natural embedding G→ Ccs[X]. Thus
π restricts to a representation of G. The constant vectors form a subrepresentation, so H⊥

c is also
a representation of G. It does not have any constant vectors. So there is a ∈ A with ∥av − v∥ > ε.
Now a can be viewed as an element in Ccs[X] with propagation at most N . So it follows that X
has geometric property (T), showing (v) =⇒ (i).

The implication (v) =⇒ (vi) is trivial. We will finish by showing (vi) =⇒ (iii). Suppose G has
property (T-), or equivalently FH-, and let α : GU ↷ H be an affine action. Then the composition
G → GU → U(H) gives a well-controlled action, because the image of any bounded subset of G is
finite. This shows that a fixed point exists, so GU has property FH and property (T).

5.7 Further remarks and questions

Cohomological interpretation. By the Mazur-Ulam theorem, an affine isometric action of G
on a Banach space E corresponds a pair (π, b), where π is a norm-preserving representation π
of G on E, and b ∈ Z1(G, π) is 1-cocycle, i.e. a map b : G → E satisfying the cocycle relation
b(gh) = π(g)b(h)+b(g) for all g, h ∈ G. The subspace B1(G, π) of Z1(G, π) consists of coboundaries,
i.e. cocycles of the form b(g) = v−π(g)v where v ∈ E (this corresponds to the affine action fixing the
point v). The first cohomology groups with values in π is defined as H1(G, π) = Z1(G, π)/B1(G, π).

Assume that G is a bornological group. Note that an affine action given as σ(g)v = π(g)v+b(g).
Hence σ is controlled if and only if b is “controlled”: i.e. bounded on bounded sets. The subspaces
of controlled cocycles will be denoted by Z1

born(G, π). Note that B1(G, π) ⊂ Z1
born(G, π). The

controlled first cohomology will be defined as H1
born(G, π) = Z1

born(G, π)/B
1(G, π).

If G is a topological group, and π is a norm-preserving representation (not necessarily con-
tinuous), we let Z1

cont(G, π) be the subspace of continuous 1-cocycles, and let H1
cont(G, π) =

Z1
cont(G, π)/B

1(G, π). If G is locally compact, equipped with the bornology K, then the inclu-
sion Z1

cont(G, π) → Z1
born(G, π) gives rise to an injective linear map H1

cont(G, π) → H1
born(G, π).

Theorem 5.7.1. Let G be a locally compact group. Let π be a norm-preserving (not necessarily
continuous) representation on a uniformly convex Banach space E. Then every controlled 1-cocycle
is cohomologous to a continuous one. In other words, the map H1

cont(G, π) → H1
born(G, π) is an

isomorphism.

Proof. Let b ∈ Z1
born(G, π), and let σ be the corresponding (controlled) affine action. Proposition

5.1.5 implies that there is v ∈ E such that g 7→ σ(g) · v is continuous. Let c be the 1-coboundary
defined by c(g) = π(g)v−v. Then the cocycle b′ = b+c satisfies b′(g) = b(g)+π(g)v−v = σ(g)·v−v.
It is therefore continuous.

Note that the previous definitions extend to higher degree cohomology groups. In particular,
we have a injective map Hk

cont(G, π) → Hk
born(G, π).
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Question 5.7.2. Under the assumptions of Theorem 5.7.1, is the map Hk
cont(G, π) → Hk

born(G, π)
surjective (hence bijective) for all k ≥ 1?

Shopping centres for Banach spaces. The proofs of Theorems 5.F and 5.D rely on the notion
of shopping centre (see §5.2.3) which attach to every bounded subset of a Hilbert space a relatively
compact subset which satisfies a crucial property stated in Lemma 5.2.11. We have not been able
to define an analogous notion for uniformly convex Banach spaces.

Question 5.7.3. Is there an analogous version of Lemma 5.2.11 for uniformly convex Banach
spaces?

Question 5.7.4. Are Theorems 5.D and 5.F valid for uniformly convex Banach spaces?

Bounded products. The notion of bounded product makes sense for a family of groups equipped
with a left-invariant pseudo-metric. It would be interesting to investigate it more systematically
(see also [54]). In particular:

Question 5.7.5. Can Theorems 5.G and 5.H have analogues for sequences of compact groups
equipped with suitable left-invariant metrics?

Stability of coarse FH. Among locally compact groups, property FH is invariant under taking
closed cocompact unimodular subgroups. In particular this holds if the subgroup is closed cocom-
pact and normal. The unimodulaityr assumption is crucial as for example, SL3(R) has property
FH, but the closed cocompact subgroup of upper-triangular matrices does not (as it is solvable).
The situation is even worse among Polish groups: indeed we have seen that Homeo+Z (R) has (even
coarse) property FH but contains Z as a coarsely dense discrete subgroup. Note that for locally
compact groups, the unimodularity assumption of the subgroup H < G is here to ensure that G/H
have a G-invariant probability measure.

Question 5.7.6. Is there a reasonably natural restriction on pairs (G,H), where G is a bornological
group and H is a subgroup which ensures that property FH for G implies property FH for H?
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6 Actions of amenable groups on measure spaces

Chapter summary

We show that every controlled action of a locally compact amenable group on a finitely-
additive measure space has an invariant mean. This gives a characterisation of amenability
that does not use the Haar measure. In fact, it only relies on the bornological structure of
the group, making it an excellent starting point for the systematic study of amenability for
bornological groups.

6.1 Introduction and main results

Recall that a locally compact group G is amenable if there exists an invariant mean on L∞G. In
this chapter we consider a locally compact group G with a measure-preserving action on a finitely-
additive measure space (X, ν). We do not require that this action is continuous or even measurable
(it is also not clear what continuity would mean in this context). Instead we just require that the
action is controlled.

Definition 6.1.1. Let G be a locally compact topological group and let (X, ν) be a finitely-additive
measure space. A measure-preserving action α : G↷ X is called controlled if there is a measurable
subset A ⊆ X with 0 < ν(A) <∞ such that the following condition is satisfied: for every compact
subset K ⊆ G and all ε > 0 there is a measurable subset B ⊆ X with ν(B) < ∞ and with
ν(gA ∩B) ≥ (1− ε)ν(A) for all g ∈ K.

Example 6.1.2. For every locally compact group G with left-invariant Haar measure µ, the action
of G on (G,µ) by left-multiplication is controlled. We can take A to be any compact neighbourhood
of the identity, and for a compact K ⊆ G, let B = KA, which is still compact, so it has finite
measure.

Definition 6.1.3. Let G be a locally compact topological group and (X, ν) be a finitely-additive
measure space. Let α : G ↷ X be a measure-preserving action. An invariant mean on X is a
finitely-additive measure φ on the same algebra as ν satisfying φ(X) = 1 and φ(gA) = φ(A) for all
measurable A and g ∈ G.

Theorem 6.A. Let G be a locally compact topological group. Then G is amenable if and only if
for all controlled measure-preserving actions G↷ (X, ν) on a finitely-additive measure space there
is an invariant mean on X.

Interestingly, this gives a characterisation of amenability that does not use the Haar measure.
It also does not require continuity of the action.

We will prove Theorem 6.A first for a σ-additive measure ν. For this the idea is to choose a vector
in L2X, take the orbit under a Følner set in G and take the average. This should give a vector in
L2X with good invariance properties, and taking a limit will give an invariant mean. The challenge
is that the action of G on L2X has no regularity properties like continuity or measurability, so we
can not straightforwardly take this kind of average. We introduce the L1-mean centre to tackle this
problem.

Then we extend the result to finitely-additive measure spaces by taking an ultraproduct of X
and equipping it with the Loeb measure. This is a σ-additive measure, even if the original measure
was only finitely additive. Then we can apply the case of σ-additive measures to get an invariant
mean on the ultraproduct and we show that from this we can construct an invariant mean on X.
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6.2 L1-mean centre

We introduce the L1-mean centre. This construction is similar to the construction of the mean
centre in Section 5.2, but the mean is taken in a different way. Because there is an interplay
between L1X and L2X in the construction, we need to require the subset that we take the mean of
to consist of positive functions. For a σ-additive measure space X, we denote by (LpX)+ the cone
consisting of all functions f ∈ LpX with f ≥ 0.

Construction 6.2.1. Let (X, ν) be a measure space. Let C ⊆ L2X+ be a bounded subset. Let Σ be
an algebra on C and µ : Σ → [0,∞) a finitely additive function with µ(C) > 0. Then we construct
the L1-mean centre Z̃(µ) ∈ L2(X, ν)+ satisfying the following property:

If A ∈ Σ then

Z̃(µ)2 =
µ(A)

µ(C)
Z̃(µ|A)

2 +
µ(C \A)
µ(C)

Z̃(µ|C\A)
2.

Proof. Recall from Section 5.2 that a non-empty bounded subset A ⊆ H of a Hilbert space has a
unique centre Z(A) and a radius ρ(A) = supa∈A

∥∥a− Z(A)
∥∥. Let s = supx∈C∥x∥2. Let P = (Ai)

be a finite partition of C in elements of Σ. We define

Z̃P (µ) =

∑
i

µ(Ai)

µ(C)
Z(Ai)

2

 1
2

∈ L2(X, ν)+,

ρ̃P (µ) =

∑
i

µ(Ai)

µ(C)
ρ(Ai)

2

 1
2

∈ [0,∞).

We want to take a limit as P gets more refined, so we need to prove an inequality to show conver-
gence. Let P = (Ai) be a finite partition of C in elements of Σ, and let Q = (Bij) be a refinement.
Then we have, using the Cauchy-Schwarz inequality and Remark 5.2.4:∥∥∥Z̃P (µ)− Z̃Q(µ)

∥∥∥2
2
≤
∥∥∥Z̃P (µ)

2 − Z̃Q(µ)
2
∥∥∥
1

=
1

µ(C)

∥∥∥∥∥∥
∑
i

∑
j

µ(Bij)(Z(Ai)
2 − Z(Bij)

2)

∥∥∥∥∥∥
1

≤ 1

µ(C)

∑
i,j

µ(Bij)
∥∥∥Z(Ai)

2 − Z(Bij)
2
∥∥∥
1

≤ 1

µ(C)

∑
i,j

µ(Bij)
∥∥Z(Ai)− Z(Bij)

∥∥
2
·
∥∥Z(Ai) + Z(Bij)

∥∥
2

≤ 2s

µ(C)

∑
i,j

µ(Bij)
∥∥Z(Ai)− Z(Bij)

∥∥
2

≤ 2s

µ(C)
1
2

∑
i,j

µ(Bij)
∥∥Z(Ai)− Z(Bij)

∥∥2
2

 1
2
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≤ 2s

µ(C)
1
2

∑
i,j

µ(Bij)(ρ(Ai)
2 − ρ(Bij)

2)

 1
2

= 2s(ρ̃P (µ)
2 − ρ̃Q(µ)

2)
1
2 .

In particular we see that ρ̃P (µ) ≥ ρ̃Q(µ). Now let Pn be a sequence of finite partitions of C in
elements of Σ, each a refinement of the next, such that ρ̃Pn

(µ) converges to the infimum of ρ̃P (µ)
taken over all finite partitions P of C in elements of Σ. Then the above computation shows that
Z̃P (µ) converges to an element Z̃(µ), that is not dependent on the chosen sequence of partitions.

Now let A ∈ Σ. We may take the Pn to be refinements of the partition {A,C \A}. Then these
partitions split in a partition Pn,1 of A and a partition Pn,2 of C \A, and we get

Z̃Pn
(µ)2 =

µ(A)

µ(C)
Z̃Pn,1

(µ|A)
2 +

µ(C \A)
µ(C)

Z̃Pn,2
(µ|C\A)

2

and

ρ̃Pn(µ)
2 =

µ(A)

µ(C)
ρ̃Pn,1(µ|A)

2 +
µ(C \A)
µ(C)

ρ̃Pn,2(µ|C\A)
2.

Taking the limit as n→ ∞ we get

Z̃(µ)2 =
µ(A)

µ(C)
Z̃(µ|A)

2 +
µ(C \A)
µ(C)

Z̃(µC\A)
2.

6.3 The σ-additive case

Consider a measure-preserving action of a locally compact group on a σ-additive measure space.
As usual, there are multiple characterisations of the existence of an invariant mean.

Proposition 6.3.1. Let G be a group and G ↷ (X, ν) be a measure-preserving action. The
following are equivalent:

(i) There is a G-invariant mean on X.

(ii) There are almost G-invariant vectors in L2X.

(iii) For every finite F ⊆ G and ε > 0, there is a measurable A ⊆ X of finite measure with
ν(g ·A \A) < εν(A) for all g ∈ F .

Proof. We start by proving (i) =⇒ (iii). Assume (i) and let φ be a G-invariant mean on X. Let
F ⊆ G be a symmetric finite subset and let ε > 0. Assume for a contradiction that for every
measurable A ⊆ X with finite measure we have ν(F ·A \A) ≥ εν(A).

Let P(X) = {ψ ∈ L1X | ψ ≥ 0,
∫
ψ = 1}. Note that, by the Goldstine theorem, φ is in the weak

closure of P(X). Consider the Banach space B =
∑

g∈F L
1X, with the norm

∥∥(ψg)
∥∥ =

∑
g

∥∥ψg

∥∥
1
.

The set
{(ψ − g∗ψ) ∈ B | ψ ∈ P(X)}
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is convex. If ψ → φ weakly, then ψ − g∗ψ → 0 weakly, since φ is G-invariant. So 0 is in the weak
closure of this set. Since it is convex, it is also in the norm closure. We can then pick ψ ∈ P(X)
with

∑
g∈F ∥ψ − g∗ψ∥1 ≤ η, where we will choose η > 0 later. We also pick a fixed representative

function for ψ, which we also denote by ψ.
Let (1 + ε)−1 < δ < 1. For n ∈ Z, let

An = {x ∈ X | ψ(x) ≥ δn}.

Clearly, ν(An) <∞ so ν(FAn\An) ≥ εν(An) for all n. LetDn = FAn\An+1. For each x ∈ X there
are n0, n1 such that x is contained in Dn0

, Dn0+1, . . . , Dn1
and no other Dn. Then we have ψ(gx) ≥

δn0 for some g ∈ F , and ψ(x) < δn1+1. So
∑

g |ψ(fx) − ψ(x)| ≥ δn0 − δn1+1 =
∑n1

n=n0
δn − δn+1.

We get

η ≥
∑
g

∥ψ − g∗ψ∥1 ≥
∑
n

(δn − δn+1)ν(Dn) = (1− δ)
∑
n

δnν(Dn).

We also have
(1 + ε)ν(An) ≤ ν(FAn) ≤ ν(An+1) + ν(Dn).

Multiplying by δ and summing over all n gives

(1 + ε)
∑
n

δnν(An) ≤
∑
n

δnν(An+1) +
∑
n

δnν(Dn).

So
(1 + ε− δ−1)

∑
n

δnν(An) ≤
∑
n

δnν(Dn) ≤ (1− δ)−1η.

On the other hand, we have

1 =
∑
n

∫
An+1\An

ψ ≤
∑
n

(ν(An+1)− ν(An))δ
n = (δ−1 − 1)

∑
n

δnν(An) ≤ δ−1(1 + ε− δ−1)−1η.

Picking η small enough gives a contradiction.
The implication (iii) =⇒ (ii) is straight-forward: let A be a measurable set with finite measure

and ν(g · A \ A) < εν(A) for all g ∈ F . Let ξ = ν(A)−1/21A be the normalized characteristic
function of A. Then ∥ξ − g∗ξ∥ = ν(A)−1/2ν(A∆gA)1/2 <

√
2ε.

Lastly, we prove (ii) =⇒ (i), so we assume that there are almost G-invariant vectors in L2G.
Let

Λ = {F ⊆ G finite , ε > 0}.

This is a directed set where (F, ε) ≤ (F ′, ε′) if F ′ ⊆ F and ε ≥ ε′. For λ = (F, ε) ∈ Λ let ξλ ∈ L2G
be a unit vector such that∥ξλ − g∗ξλ∥ < ε for all g ∈ F . We can assume that the ξλ are real-valued.
Let φλ ∈ (L∞X)∗ be the unit vector given by φλ(h) =

∫
X
h(x)ξλ(x)

2dν(x). Then for g ∈ F−1 we
have

φλ(f
∗h)− φλ(h) =

∫
X

h(x)(ξλ(gx)
2 − ξλ(x)

2)dν(x)

so

|φλ(g
∗h)− φλ(h)| ≤∥h∥ ·

∫
X

|ξλ(gx)2 − ξλ(x)
2|dν(x)
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≤
(∫

X

∣∣ξλ(gx) + ξλ(x)
∣∣2 dν(x)) 1

2

·
(∫

X

∣∣ξλ(gx)− ξλ(x)
∣∣2 dν(x)) 1

2

≤ 2
1
2

∥∥∥(g−1)∗ξλ − ξλ

∥∥∥ 1
2

≤ (2ε)
1
2 .

So ∥gφλ − φλ∥ ≤ (2ε)
1
2 . The unit ball in (L∞X)∗ is compact, so the net φλ has a limit point φ.

Then φ is an invariant mean.

Proposition 6.3.2. Let G be a locally compact topological group. Then G is amenable if and only
if for all controlled measure-preserving actions G ↷ (X, ν) on a σ-additive measure space there is
an invariant mean on X.

Proof. One direction follows from Example 6.1.2. For the other direction, suppose that G is
amenable and let α : G ↷ (X, ν) be a controlled action. Let A ⊆ X be as in Definition 6.1.1.
Let f : G→ L2X be the function f(g) = 1gA. Let C ⊆ G be a fixed compact neighbourhood of the
identity and let B ⊆ X be such that ν(gA ∩B) ≥ 1

2ν(A) for all g ∈ C.
Let ε > 0 and F ⊆ G a finite set. There is a compact Kazhdan setK ⊆ G satisfying µ(K∆gK) <

εµ(K) for all g ∈ F . Let η = ηF,ε = Z̃((f|K)∗µ)
2 ∈ L1(X, ν)+. We will show that η is almost

invariant for F . First we will find a lower bound for ∥η∥1.
Since K is compact, we may write K as a finite partition K =

⊔
i giCi, with gi ∈ G and

Ci ⊆ C measurable. Consider any partition P = (Aij) subordinate to this one. For any a ∈ Aij

we have
∫
giB

f(a)dν = ν(aA ∩ giB) = ν(g−1
i aA ∩ B) ≥ 1

2ν(A). Since Z(f(Aij)) ∈ co(f(Aij)) we

get
∫
giB

Z(f(Aij))dν ≥ 1
2ν(A) as well. From this we conclude that

∥∥Z(f(Aij))
∥∥2
2
≥ 1

4ν(A)
2ν(B)−1.

Since

Z̃P((f|K)∗µ)
2 =

∑
ij

µ(Aij)

µ(K)

∥∥Z(f(Aij))
∥∥2
2
,

we get ∥∥∥Z̃P((f|K)∗µ)
∥∥∥2
2
≥ 1

4
ν(A)2ν(B)−1.

Taking the limit as P gets more refined, we conclude that ∥η∥1 ≥ 1
4ν(A)

2ν(B)−1.

Now let g ∈ F . We have αg(η) = Z̃((αg)∗(f|K)∗µ)
2 = Z̃((f|gK)∗µ)

2. Then we get

η =
µ(gK ∩K)

µ(K)
Z̃((fgK∩K)∗µ)

2 +
µ(K \ gK)

µ(K)
Z̃((fK\gK)∗µ)

2

and

αg(η) =
µ(gK ∩K)

µ(K)
Z̃((fgK∩K)∗µ)

2 +
µ(gK \K)

µ(K)
Z̃((fgK\K)∗µ)

2.

We find

αg(η)− η =
µ(gK \K)

µ(K)
(Z̃((f|gK\K)∗µ)

2 − Z̃((fK\gK)∗µ)
2)

so
∥∥αg(η)− η

∥∥
1
≤ 2µ(gK\K)ν(A)

µ(K) ≤ εν(A).
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Now let ζF,ε =
ηF,ε

∥ηF,ε∥
1

be the normalisation of η. Then by the estimates above, we get that∥∥αg(ζF,ε)− ζF,ε

∥∥
1
≤ 4εν(B)ν(A)−1 for all g ∈ F . Since ζF,ε ∈ L1(X, ν)+ has integral one it defines

a mean on X. Let φ be a weak limit point of these means as F increases to G and ε decreases to
zero, then φ is an invariant mean on X.

6.4 The Loeb measure

An important construction is that of the Loeb measure on an ultraproduct of measure spaces, as
described in [31] and [52], for example. We describe the construction in detail for ultraproducts
indexed on arbitrary directed sets, rather than just on the natural numbers.

Let (Λ,≤) be a directed set without maximum. By Lemma 5.4.3, there is a cofinal ultrafilter U
on Λ and a net nλ with values in the natural numbers, such that limU nλ = ∞. Suppose for each
λ ∈ Λ we have a space Xλ, an algebra Σλ of subsets of Xλ, and a finitely additive function νλ on
Σλ. Consider the ultraproduct XU =

∏
λXλ/U .

Suppose we have subsetsBλ ⊆ Xλ for every λ. We denote by limU Bλ ⊆ XU the subset consisting
of equivalence classes (xλ) of sequences with xλ ∈ Bλ for most λ (with respect to U). Such a set is
called a quasibox. Note that limU (Bλ∩B′

λ) = limU Bλ∩ limU B
′
λ and XU \ limU Bλ = limU (Xλ\Bλ).

Therefore the set of quasiboxes forms an algebra A of subsets of XU . We can define the finitely
additive function ν on A by

ν(lim
U
Bλ) = lim

U
νλ(Bλ) ∈ [0,∞].

To show that ν can be extended to a σ-additive measure, we need the following Lemma (see [52,
Proposition 1.1]).

Lemma 6.4.1. Let B(n) be a sequence of quasiboxes in XU .

(i) If
⋂

n≤N B(n) ̸= ∅ for all N , then
⋂

nB
(n) ̸= ∅.

(ii) If ν(
⋂

n≤N B(n)) > c for all N , then
⋂

nB
(n) contains a quasibox A with ν(A) ≥ c.

Proof. Recall there is a net nλ with limU nλ = ∞. Write B(n) = limU B
(n)
λ .

(i) For every λ ∈ Λ, let Nλ ≤ nλ be maximal such that
⋂

n≤Nλ
B

(n)
λ ̸= ∅. Pick aλ ∈

⋂
n≤Nλ

B
(n)
λ .

We claim that (aλ) ∈ B(N) for every N . To see this, note that
⋂

n≤N B(n) = limU
⋂

n≤N B
(n)
λ ,

so for most λ we have
⋂

n≤N B
(n)
λ ̸= ∅. Also nλ ≥ N for most λ. For these λ we have Nλ ≥ N ,

so aλ ∈
⋂

n≤Nλ
B

(n)
λ ⊆ B

(N)
λ . This shows that (aλ) ∈ B(N) for all N , so

⋂
nB

(n) ̸= ∅.

(ii) For every λ ∈ Λ, let Nλ ≤ nλ be maximal such that νλ(
⋂

n≤Nλ
B

(n)
λ ) > c. Let Aλ =⋂

n≤Nλ
B

(n)
λ and A = limU Aλ. Then we have ν(A) ≥ c, and we claim that A ⊆

⋂
nB

(n).

To see this, let N be a natural number and (aλ) ∈ A. We have c < ν(
⋂

n≤N B(n)) =

limU ν(
⋂

n≤N B
(n)
λ ), so for most λ we have νλ(

⋂
n≤N B

(n)
λ ) > c. Also for most λ we have

nλ ≥ N and aλ ∈ Aλ. For such λ we have Nλ ≥ N . Then aλ ∈ Aλ =
⋂

n≤Nλ
B

(n)
λ ⊆ B

(N)
λ .

So (aλ) ∈ B(N), showing that A ⊆ B(N), and A ⊆
⋂

nB
(n).
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Now we can construct a measure on XU .

Proposition 6.4.2. Let (Λ,≤) be a directed set, and let U be a cofinal not σ-complete ultrafilter on
Λ. For all λ, let Xλ be a set, let Σλ be an algebra on Xλ and let νλ be a finitely additive function
on Σλ. Then there is a σ-additive measure ν, called the Loeb measure, on the σ-algebra σ(A)
generated by the quasiboxes in XU , such that

ν(lim
U
Bλ) = lim

U
νλ(Bλ)

for every quasibox limU Bλ.
For every A ∈ σ(A) with finite measure and ε > 0 there is a quasibox B ⊆ A with ν(A \B) < ε.

Proof. We already have a finitely additive function on the algebra A. It is trivially countably
additive on A: suppose we have a quasibox B that can be written as a disjoint union of nonempty
quasiboxes B(n). Then the quasiboxes XU \B(n) and B have the finite intersection property, so by
Lemma 6.4.1(i), their intersection is empty, contradiction. So we can use Carathéodory’s extension
Theorem to extend ν to a σ-additive measure on σ(A).

We say A ∈ σ(A) is approachable by quasiboxes if for every A′ ∈ σ(A) with finite measure and
for every ε > 0 there is a quasibox B ⊆ A with finite measure and ν(A \ B ∩ A′) ≤ ε. We will
show that all sets in σ(A) are approachable by quasiboxes. Clearly all quasiboxes are approachable
by quasiboxes, since we can take B = A. Since the quasiboxes are already closed under taking
complements, we just have to show that this property is closed under countable intersections and
countable unions.

So suppose A =
⋂

nA
(n) and the A(n) are approachable by quasiboxes. Let A′ ∈ σ(A) with finite

measure. For all n let B(n) ⊆ A(n) be a quasibox with finite measure satisfying ν(A(n)\B(n)∩A′) ≤
2−nε. By Lemma 6.4.1(ii) there is a quasibox B ⊆ ∩nB

(n) satisfying ν(B) ≥ ν(∩nB
(n))− ε. This

quasibox satisfies B ⊆ A and it necessarily has finite measure. Moreover we have

ν(A \B ∩A′) ≤ ε+ ν(A \ ∩nB
(n) ∩A′) ≤ ε+

∑
n

ν(A(n) \B(n) ∩A′) ≤ 2ε.

So A is approachable by quasiboxes.
Now let A =

⋃
nA

(n) and suppose that the A(n) are approachable by quasiboxes. Let A′ ∈ σ(A)
with finite measure. There is N such that ν(

⋃
n≤N A(n)∩A′) ≥ ν(A∩A′)−ε. For n ≤ N let B(n) ⊆

A(n) be a quasibox with finite measure satisfying ν(A(n) \ B(n) ∩ A′) ≤ ε
N . Let B =

⋃
n≤N B(n).

This is a quasibox with finite measure and a subset of A. We have

ν(A \B ∩A′) ≤ ε+ ν(
⋃

n≤N

A(n) \B ∩A′) ≤
∑
n≤N

ν(A(n) \B(n) ∩A′) + ε ≤ 2ε.

This shows that A is approachable by quasiboxes.
Therefore, all A ∈ σ(A) are approachable by quasiboxes. In particular, if ν(A) is finite we can

take A′ = A and it follows that for every ε > 0 there is a quasibox B ⊆ A with ν(A \B) < ε.

Remark 6.4.3. In general, Carathéodory’s extension Theorem does not say that there is a unique
extension ν. However it gives a canonical way to construct this extension, and this is the one we
will refer to as the Loeb measure.
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6.5 Proof of Theorem 6.A

In this section we combine Proposition 6.3.2 with the results about the Loeb measure in the previous
Section to prove Theorem 6.A. We restate the Theorem for convenience.

Theorem 6.A. Let G be a locally compact topological group. Then G is amenable if and only if
for all controlled measure-preserving actions G↷ (X, ν) on a finitely-additive measure space there
is an invariant mean on X.

Proof. Again the ‘if’ direction follows from Example 6.1.2. Let (X, ν) be a finitely-additive measure
space and let α : G ↷ X be a controlled measure-preserving action. Let U be a free ultrafilter on
N and let νU be the Loeb measure on the ultraproduct XU . Then (XU , νU ) is a σ-additive measure
space. The group G acts on XU and for any quasibox B ⊆ XU and g ∈ G it is easy to see that
νU (gB) = νU (B). From this it follows that the action G↷ XU is measure-preserving.

Since α is controlled, the action on the ultraproduct is also controlled: let A be as in Definition
6.1.1. Then we consider the quasibox limU A, which has finite measure. For compact K ⊆ G
and ε > 0 there is a measurable B ⊆ X with finite measure and ν(gA ∩ B) ≥ (1 − ε)ν(A) for
g ∈ G. Then we take the quasibox limU B, this has the same measure as B and we see that
νU (g limU A ∩ limU B) ≥ (1− ε)νU (limU A).

By Proposition 6.3.2 there is an invariant mean on XU . Let F ⊆ G be finite and 0 < ε < 1
2 .

By Proposition 6.3.1 there is a subset A ⊆ XU such that νU (gA \ A) < ενU (A) for all g ∈ F . By
Proposition 6.4.2(ii) there is a quasibox B = limU B

(n) with B ⊆ A and νU (B) ≥ (1 − ε)νU (A).
Then for g ∈ F we have νU (gB \ B) ≤ νU (gA \ A) + νU (A \ B) < 2ενU (A) ≤ 4ενU (B). Thus for
most n we have ν(B(n)) > 0 and ν(gB(n) \B(n)) < 4εν(B(n)). Pick such an n and define the mean

φF,ε on X by φF,ε(C) =
ν(C∩B(n))
ν(B(n))

. Then for g ∈ F−1 we have φF,ε(gC) =
ν(C∩g−1B(n))

ν(B(n))
, and we

get |φF,ε(gC)− φF,ε(C)| ≤ ν(g−1B(n)\B(n))
ν(B(n))

≤ 4ε.

Taking a weak limit point of the φF,ε as F increases to G and ε decreases to zero gives an
invariant mean on X.
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7 Embeddings of sequences of graphs into Hilbert spaces

Chapter summary

We give a combinatorial obstruction for a sequence of graphs with bounded degree to
coarsely embed into a Hilbert space. We introduce ρ-expanders and show that their covers do
not coarsely embed into a Hilbert space. Finally, we discuss how it might be possible to use
random graph methods to construct a sequence of graphs with bounded degree that cannot be
embbed into a Hilbert space, but can be embedded into an ℓp-space for all p > 2.

7.1 Introduction and main results

Let (Xn) be a sequence of graphs with uniformly bounded degree, such that the number of vertices
of Xn converges to infinity. We will identify the graphs with their vertex sets and view them as a
metric space, using the shortest path distance. Let X be the union of the Xn. Let (V, d) be a metric
space. Recall that a map F : X → V a coarse embedding if there is a constant L and an increasing
unbounded map ρ : N → [0,∞) such that for all n and x, y ∈ Xn we have d(F (x), F (y)) ≤ L if x
and y are adjacent, and d(F (x), F (y)) ≥ ρ(d(x, y)), where d(x, y) denotes the shortest path distance
between x and y.

An interesting question is whether there exists a coarse embedding of X, when V can be chosen
from a certain class of metric spaces. The article [50] addresses this question for Hilbert spaces. In
fact, it gives a criterion for when it is possible to embed X coarsely into a Hilbert space. We will
state it after giving the definition of generalised expanders from [50].

Definition 7.1.1 ([50]). Let (Xn) be a sequence of graphs with bounded degree and number of
vertices going to infinity. The sequence is a generalised expander if there exists a symmetric measure
α on

⊔
nXn ×Xn satisfying the following conditions:

(i) We have α(Xn ×Xn) = 1 for each n.

(ii) For all R > 0 we have α(ER∩Xn×Xn) → 0 as n→ ∞, where ER = {(x, y) ∈ X | d(x, y) ≤ R}.

(iii) There is a constant K such that for all Hilbert spaces H and all L-Lipschitz functions F : X →
H we have the inequality ∑

x,y∈Xn

α(x, y)
∥∥F (x)− F (y)

∥∥2 ≤ KL2

for all n.

If a symmetric measure α satisfies the first two conditions, we call it a far-away measure for X.

Theorem 7.1.2 ([50], Theorem 1.3). The following are equivalent:

(i) The coarse space X does not embed coarsely into any Hilbert space.

(ii) There is a generalised expander (Yn) and a coarse embedding j : Y → X.

In fact, the criterion above is a bit more complicated than it needs to be: if X = (Xn) allows a
coarse embedding of a generalised expander, there is a subsequence of (Xn) that is itself a generalised
expander (see Lemma 7.2.1).

Now we give a different algebraic and a combinatorial criterion that are obstructions for X to
embed in a Hilbert space. If X is a box space they are equivalent criteria.
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Definition 7.1.3. Let Γ be a residually finite group, finitely generated by a symmetric set S. Let
N1, N2, . . . be a sequence of normal subgroups with increasing index and ∩nΓn = {0}. Then each
group Γ/Γn can be given a graph structure, where the class of g is adjacent to the class of s · g,
for g ∈ Γ, s ∈ S. The box space of Γ is the sequence of graphs (Γ/Γn). As a coarse space, it is
independent of the choice of S (but not independent of the choice of the Γn).

We will use the Laplacian of the graph, and also the Laplacian of a measure on
⊔

nXn ×Xn.

Definition 7.1.4. Recall that the graph Laplacian is the operator ∆X on ℓ2X given by ∆Xξ(x) =∑
y∼x(ξ(x) − ξ(y)), for ξ ∈ ℓ2X,x ∈ X and the sum is over the y that are adjacent to x. For a

symmetric measure α on
⊔

nXn ×Xn, let ∆α be the operator on ℓ2X given by

∆αξ(x) =
∑
y∈Xn

α(x, y)(ξ(x)− ξ(y))

for ξ ∈ ℓ2X,x ∈ Xn. Note that ∆X and ∆α are always positive operators.

Proposition 7.1.5. Let X = (Xn) be a sequence of graphs with bounded degree and increasing
number of edges. Consider the following conditions on X.

(i) There is no coarse embedding of X into a Hilbert space.

(ii) Some subsequence of (Xn) is a generalised expander.

(iii) There is a far-away measure α for a subsequence of (Xn), and a constant c, such that the
inequality |Xn| ·∆α ≤ c ·∆X holds in B(ℓ2Xn) for all n.

(iv) There is a far-away measure α for a subsequence of (Xn), and a constant c, such that for all
A ⊆ Xn we have

|Xn| · α(A×Xn \A) ≤ c · EX(A,Xn \A).

Here EX(A,B) denotes the number of edges between subsets A,B of X.

We have (iii) =⇒ (iv) =⇒ (i) =⇒ (ii). Moreover, for box spaces, the implication (ii) =⇒ (iii)
holds, meaning that all the conditions are equivalent.

We will prove this proposition in the next section. Now we will introduce ρ-expanders. Recall
from Chapter 3 that Z(X) denotes the cycle space of a graph X. Let m be a positive integer and
let ρ : Z(X) → (Z/2)m be a group morphism. Then we can construct the ρ-cover of X, denoted by
X̃, defined as follows: let E be the set of edges of X and let T be the set of edges of a spanning tree.
Then we can identify Z(X) with the free abelian group generated by E \ T . The vertex set of X̃ is
X × (Z/2)m. Two vertices (x, r), (y, r) are connected if (x, y) ∈ T , and (x, r), (y, s) are connected
if (x, y) ∈ E \ T and s = r + ρ((x, y)).

Let π : X̃ → X be the projection sending (x, r) to x. It can be shown that the graph X̃ does
not depend on the choice of the spanning tree T , up to isomorphism preserving π (see [26]). For
x̃ = (x, r) ∈ X̃, and s ∈ (Z/2)m, let s · x̃ = (x, s+ r).

Now let (Xn) be a sequence of graphs and ρn : Z(X) → (Z/2)mn . We are interested whether
the sequence X̃n embeds coarsely into a Hilbert space. In [26] it is shown that this is the case when
ρn is the projection Z(X) → (Z/2)rn where rn is the rank of Z(X). We now give a combinatorial
obstruction that prevents coarse embedding into a Hilbert space. First we give some preliminary
definitions.
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Definition 7.1.6. Let X be a graph and ρ : Z(X) → (Z/2)m a map. The ρ-girth of X is the length
of the minimal loop γ with ρ(γ) ̸= 0.

Definition 7.1.7. For χ ∈ ((Z/2)m)∗, let τ(χ) = #{i ∈ {1, . . . ,m} : χ(ei) = −1} where ei denotes
the i-th basis vector of (Z/2)m.

Definition 7.1.8. Let A be a (not necessarily induced) subgraph of X. We denote by |A| the
number of vertices in A and by ∂A the number of edges not in A, but with at least one vertex in
A. We will view Z(A) as a subgroup of Z(X).

Definition 7.1.9. Let (Xn) be a sequence of graphs with uniformly bounded degrees, with maps
ρn : Z(Xn) → (Z/2)mn . We call it a ρ-expander if the following conditions are satisfied:

(i) The ρn-girth of Xn tends to infinity.

(ii) There is a constant c > 0, such that for every n, every χ ∈ ((Z/2)mn)∗, and every subgraph
A of Xn satisfying χ ◦ ρn|Z(A) = 1, the inequality

∂A ≥ c

√
τ(χ)

mn
|A|

holds.

Now we can show that the ρ-cover of a ρ-expander does not coarsely embed into a Hilbert space.
Let αn be the measure on X̃n × X̃n given by

αn(x̃, ei · x̃) =
1

m|X̃n|

for 1 ≤ i ≤ m, and α(x̃, ỹ) = 0 for all other pairs. If the ρn-girth of Xn tends to infinity, then the
union α of the αn is a far-away measure.

Theorem 7.A. Let (Xn) be a sequence of graphs with uniformly bounded degrees, with maps
ρn : Z(X) → (Z/2)mn . If (Xn) is a ρ-expander then the sequence X̃n is a generalised expander with
the far-away measure α. In particular, it does not coarsely embed into a Hilbert space.

We do not have interesting examples of ρ-expanders. Possibly they could be constructed using
probabilistic methods, similar to the way the first examples of expander sequences were constructed.
For this we would need a model of a random graph embedded in a torus Tm. This would then
give rise to a map Z(X) → H1(Tm) = Zm → (Z/2)m. We introduce a model of random graphs
embedded in an arbitrary manifold in the next chapter. However, we can only describe these
random graphs aptly when the manifold is Rm.

7.2 Obstructions for coarse embeddability into a Hilbert space

In this Section we prove Proposition 7.1.5. First we show that any sequence of graphs that allows an
embedding of a generalised expander is already a generalised expander, up to taking a subsequence.
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Lemma 7.2.1. Let X = (Xn) and Y = (Yn) be sequences of graphs, with bounded degree and
increasing number of vertices. Suppose that j : Y → X is a coarse embedding sending Yn to Xn,
and suppose that Y is a generalised expander. Then X is also a generalised expander.

Proof. Let β be a measure on
⊔

n Yn × Yn satisfying the conditions from Definition 7.1.1, for some
constant K. Define the measure α on

⊔
nXn×Xn by α(A) = β((j×j)−1(A)) for A ⊆

⊔
nXn×Xn.

We check now that this measure satisfies the conditions from Definition 7.1.1. We see directly
that α(Xn × Xn) = β(Yn × Yn) = 1 for all n. For any controlled set E ⊆ X × X and any n
we have α(E ∩ Xn × Xn) = β((j × j)−1(E) ∩ Yn × Yn). Since j is a coarse embedding, the set
(j × j)−1(E) ⊆ Y × Y is a controlled set, so β((j × j)−1(E) ∩ Yn × Yn) converges to 0 as n→ ∞.

Lastly, since j is a coarse embedding, it is M -Lipschitz for some M . Let F : X → H be an
L-Lipschitz map into some Hilbert space. Then F ◦ j is LM -Lipschitz, and we get∑

x,x′∈X

α(x, x′)
∥∥F (x)− F (x′)

∥∥2 =
∑

y,y′∈Y

β(y, y′)
∥∥Fj(y)− Fj(y′)

∥∥2 ≤ KM2L2.

So α satisfies the conditions from Definition 7.1.1 with the constant KM2, hence X is a gener-
alised expander.

Proof of Proposition 7.1.5. The equivalence (i) ⇐⇒ (ii) follows from Theorem 7.1.2 and Lemma
7.2.1.

Suppose we have (iii). Then for each ξ ∈ ℓ2Xn we have ⟨∆αξ, ξ⟩ ≤ c⟨∆Xξ, ξ⟩. If we apply this
on an indicator function ξ = 1A with A ⊆ Xn, we get |Xn| · α(A ×Xn \ A) ≤ c · EX(A,Xn \ A).
Hence (iv) is true.

Suppose we have (iv), and that there is a coarse embedding F : X → H for some Hilbert space
H. Let n be a positive integer. Since F (Xn) ⊆ H is a finite set, it is isometric to a subset of
Rm for some finite m. Therefore we assume without loss of generality that F (Xn) ⊆ Rm. For
any unit vector v ∈ Rm and t ∈ R let Av,t = {x ∈ Xn | F (x) · v ≤ t}. We then know that
|Xn|α(Av,t ×Xn \Av,t) ≤ c ·EX(Av,t, Xn \Av,t). Integrating this inequality from −∞ to ∞ gives

|Xn|
∑
x,y

α(x, y)|F (x) · v − F (y) · v| = 2|Xn|
∫ ∞

−∞

∑
F (x)·v≤t,F (y)·v≥t

α(x, y)dt

= 2|Xn|
∫ ∞

−∞
α(Av,t ×Xn \Av,t)dt

≤ 2c

∫ ∞

−∞
EX(Av,t, Xn \Av,t)dt

= 2c

∫ ∞

−∞

∑
x∼y,F (x)·v≤t,F (y)·v≥t

dt

= c
∑
x∼y

|F (x) · v − F (y) · v|.

Now we will choose v uniformly at random from the unit sphere. There is some constant b, depending
on m, such that Ev|w · v| = b∥w∥ for all w ∈ Rm. Now

|Xn|
∑
x,y

α(x, y)
∥∥F (x)− F (y)

∥∥ =
|Xn|
b

∑
x,y

Evα(x, y)|F (x) · v − F (y) · v|
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≤ c

b
Ev

∑
x∼y

|F (x) · v − F (y) · v|

= c
∑
x∼y

∥∥F (x)− F (y)
∥∥ .

However, since F is a coarse embedding, we have
∥∥F (x)− F (y)

∥∥ ≤ L for some constant L. So this

gives
∑

x,y α(x, y)
∥∥F (x)− F (y)

∥∥ ≤ 1
2cdL, where d is the maximal degree of any vertex in X. There

is some R > 0 such that for all x, y with d(x, y) ≥ R we have
∥∥F (x)− F (y)

∥∥ ≥ cdL. Now if we pick

n large enough that α(ER ∩Xn ×Xn) <
1
3 , we have

∑
x,y α(x, y)

∥∥F (x)− F (y)
∥∥ ≥ 2

3cdL, and we
have a contradiction. This shows (iv) =⇒ (i).

Finally, suppose that X is the box space of a group Γ, with the sequence of subgroups Γn, so
Xn = Γ/Γn. Suppose moreover that (ii) holds for some measure α and constant K. We can assume
that α is invariant for the left-action of Γ on X, by replacing it with its average. Let v ∈ ℓ2Xn and
define the map

F : Xn → RXn , F (x)(z) = v(z · x)

where x, z ∈ Xn. Then we have for all x ∈ Xn, s ∈ S the inequality∥∥F (x)− F (x · s)
∥∥2 =

∑
z∈Xn

|v(z · x)− v(z · x · s)|2 =
∑
y∈Xn

|v(y)− v(y · s)|2 ≤ ⟨∆Γv, v⟩,

so F is Lipschitz with the constant ⟨∆Γv, v⟩
1
2 . On the other hand, we have∑

x,y∈Xn

α(x, y)
∥∥F (x)− F (y)

∥∥2 =
∑

x,y,z∈Xn

α(x, y)|v(z · x)− v(z · y)|2

= |Xn|
∑

x,y∈Xn

α(x, y)|v(x)− v(y)|2

= |Xn|⟨∆αv, v⟩.

So by assumption we know that |Xn|⟨∆αv, v⟩ ≤ K⟨∆Γv, v⟩. This shows (iii) with the constant
c = K.

Remark 7.2.2. If we take α to be the uniform probability measure on each Xn×Xn, then conditions
(ii),(iii),(iv) are well-known different criteria to be an expander.

Remark 7.2.3. For (iii) =⇒ (iv) =⇒ (ii) we can take the same measure each time. However, even
if (iii) holds, there may be far-away measures α for which (iv) holds and (iii) does not hold (see
Example 7.2.4).

Example 7.2.4. Let Y = (Yn) be an expander sequence, with maximal degree d and EY (A, Yn \
A) ≥ 1

c|Yn| |A|(|Yn| − |A|) for A ⊆ Yn. Let m = |Yn| and label two different points in Yn by y0, y1.

Construct the graph Xn as follows: take n disjoint copies of Yn, labelled (Yn)1, . . . , (Yn)n. Let
(yi)k be the point yi in (Yn)k, for i ∈ {0, 1} and 1 ≤ k ≤ n. Now, in addition to the edges inside
of the (Yn)k, connect the point (y1)k with the point (y0)k+1, for 1 ≤ k ≤ n − 1. If we do this for
all n, we get a sequence X = (Xn) of graphs with degree at most d+ 1, and increasing number of
vertices. We will now define a far-away measure on X that satisfies condition (iv) but not condition
(iii) above.
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Define the measure α on Xn ×Xn as follows: for x, y ∈ (Yn)k, set α(x, y) =
mn−1
m3n2 . Moreover,

set α((y0)1, (y1)n) =
1

mn , and set α(x, y) = 0 for all other pairs. Note that α is a far-away measure.
Let A ⊆ Xn be a non-empty proper subset. Since Xn is connected, we have EX(A,Xn \A) ≥ 1.

Write A = A1 ∪ · · · ∪An, with Ak = A ∩ (Yn)k. Then

cEX(A,Xn \A) ≥ c

n∑
k=1

EX(Ak, (Yn)k \Ak) ≥
n∑

k=1

1

m
|Ak|(m− |Ak|)

while

|Xn|α(A×Xn \A) ≤ 1 +

n∑
k=1

1

m
|Ak|(m− |Ak|).

Hence |Xn|α(A×Xn \A) ≤ (1 + c)EX(A,Xn \A). So condition (iv) of Proposition 7.1.5 holds for
α.

However, consider the function ξ ∈ ℓ2Xn given by ξ(x) = k for x ∈ (Yn)k. Then |Xn|⟨∆αξ, ξ⟩ =
n2 while ⟨∆Xξ, ξ⟩ = n− 1. So condition (iii) does not hold for α.

7.3 Proof of Theorem 7.A

Now we can prove Theorem 7.A, which we restate for convenience.

Theorem 7.A. Let (Xn) be a sequence of graphs with uniformly bounded degrees, with maps
ρn : Z(X) → (Z/2)mn . If (Xn) is a ρ-expander then the sequence X̃n is a generalised expander with
the far-away measure α. In particular, it does not coarsely embed into a Hilbert space.

Proof. Let c be the constant of Definition 7.1.9. We need to show that c′∆X̃n
≥ |Xn|∆α. These

are operators on L2X̃n. We have a decomposition L2X̃n =
⊕

χ L
2
χX̃n where the sum ranges

over all characters χ : (Z/2Z)m → Z/2, and L2
χX̃n consists of all functions f : X̃n → C satisfying

f(s · x̃) = χ(s)f(x̃) for x̃ ∈ X̃n and s ∈ (Z/2Z)m. For f ∈ L2
χX̃n we have ∆αf(x̃) =

1
m|X̃n|

∑
i f(ei ·

x̃) = 1
m|X̃n|

∑
i χ(ei)f(x̃) = τ(χ)

m|X̃n|
f(x̃). So on L2

χX̃n we have |X̃n|∆α = τ(χ)
m . We need to show

that for f ∈ L2
χX̃n we have ⟨∆X̃n

f, f⟩ ≥ c′ τ(χ)m ∥f∥2.
So let f ∈ L2

χ(X̃n) and consider the set of “forbidden edges”

F̃ = {(x̃, ỹ) ∈ Ẽ : f(x̃) and f(ỹ) have different signs, or one of them is 0},

where Ẽ denotes the set of edges in X̃. Let F = π∗(F̃ ). Let γ = x̃0, x̃1, . . . , x̃k be a path in X̃ with
π(x̃k) = π(x̃0). Then x̃k = ρ(π∗γ) · x̃0. So if χ(ρ(π∗γ) = −1 then f(x̃k) = −f(x̃0). In this case,
γ has to contain a forbidden edge. So any subgraph A of X that does not contain an edge in F
satisfies the condition χ ◦ ρ|Z(A) = 1.

For t > 0 let At be the graph with vertex set {x ∈ X : f(x, 0)2 ≥ t} and all the edges between
these vertices, except the ones in F . Then we have

∂At ≥ c

√
τ(χ)

m
|At|. (7)

We can estimate the left-hand side as

∂At = #{x ∼ y : f(x, 0)2 ≤ t ≤ f(y, 0)2}+#{(x, y) ∈ F : f(x, 0)2 ≥ t, f(y, 0)2 ≥ t}
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= 2−m#{x̃ ∼ ỹ : f(x̃)2 ≤ t ≤ f(ỹ)2}+ 2−m#{(x̃, ỹ) ∈ F̃ : f(x̃)2 ≥ t, f(ỹ)2 ≥ t}

≤ 2−m#{x̃ ∼ ỹ : f(x̃)2 ≤ t ≤ f(ỹ)2}+#{x ∼ y : |f(x̃)− f(ỹ)| ≥ 2t
1
2 }.

We have ∫ ∞

0

#{x̃ ∼ ỹ : f(x̃)2 ≤ t ≤ f(ỹ)2}dt =
∑
x̃∼ỹ

|f(x̃)2 − f(ỹ)2|

and ∫ ∞

0

#{x̃ ∼ ỹ : |f(x̃)− f(ỹ)| ≥ 2t
1
2 }dt = 1

4

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2

and ∫ ∞

0

|At|dt =
∑
x

f(x, 0)2 = 2−m
∑
x̃

f(x̃)2.

Combining these equalities and integrating inequality (7) from 0 to ∞ gives√
τ(χ)

m

∑
x̃∈X̃

f(x̃)2 ≤ 1

c

∑
x̃∼ỹ

|f(x̃)2 − f(ỹ)2|+ 1

4c

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2. (8)

We will use the Cauchy-Schwartz inequality to estimate the first term on the right-hand side:∑
x̃∼ỹ

|f(x̃)2 − f(ỹ)2| =
∑
x̃∼ỹ

|f(x̃)− f(ỹ)| · |f(x̃) + f(ỹ)|

≤

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2
 1

2
∑

x̃∼ỹ

|f(x̃) + f(ỹ)|2
 1

2

≤
√
2

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2
 1

2
∑

x̃∼ỹ

f(x̃)2 + f(ỹ)2

 1
2

≤
√
2d

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2
 1

2
∑

x̃

f(x̃)2

 1
2

.

Combining this inequality with inequality (8) we get√
τ(χ)

m

∑
x̃

f(x̃)2 ≤
√
2d

c

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2
 1

2
∑

x̃

f(x̃)2

 1
2

+
1

4c

∑
x̃∼ỹ

|f(x̃)− f(ỹ)|2.

Now note that∥f∥2 =
∑

x̃ f(x̃)
2 while ⟨∆X̃n

f, f⟩ =
∑

x̃∼ỹ |f(x̃)−f(ỹ)|2. Then the inequality above
says that √

τ(χ)

m
∥f∥2 ≤

√
2d

c
∥f∥

(
⟨∆X̃n

f, f⟩
) 1

2

+
1

4c
⟨∆X̃n

f, f⟩.

Some straight-forward computation gives c′ > 0 only depending on c and d such that

⟨∆X̃n
f, f⟩ ≥ c′

τ(χ)

m
∥f∥2 .
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So we have shown that X̃n is a generalised expander with far-away measure α. By Proposition
7.1.5, we know that it does not embed into any Hilbert space.

7.4 Embeddings in ℓp

A fundamental open question in the field (see e.g. [2]) is: does there exist a sequence of graphs
with bounded degree that cannot be coarsely embedded into a Hilbert space, but can be embedded
into an ℓp-space for some p > 2? In this section we briefly sketch a possible approach to answer
this question. This approach would use the probabilistic method, and in particular it hinges on a
model of a random graph together with an embedding into a high-dimensional torus. No applicable
models have been studied in the literature. We make an attempt to develop one in the next chapter
of this thesis. It turns out to be very difficult to analyse the small-scale and large-scale behaviour
of the random graphs produced by this model. Therefore, the problem remains open.

We would like to create a sequence of graphs Xm, on n(m) vertices, together with a function
ρm : Z(Xm) → (Z/2Z)m, such that the cover (X̃m) does not coarsely embed into a Hilbert space but
does allow a coarse embedding into an ℓp-space for all p > 2. To explain the approach, we assume
that we have a model of a “random d-regular graph Xm on n(m) vertices together with a function
f : Xm → Tm”. We will let n(m) grow exponentially fast in m. Moreover we will assume that this
model satisfies some desirable properties. In particular, for all x ∈ X the point f(x) should be
uniformly distributed in Tm. For an edge (x, y) we denote by vx,y ∈ Rm the lift of f(y)− f(x) with
smallest possible length. This should be (approximately) jointly normally distributed in Rm with
a mean of 0 and a mean length of 1. From this we can already conclude that if we have a sequence
Xm of random d-regular graphs with a function to Tm, that with probability one, the embedding
f : Xm → Tm will be L-Lipschitz for some L. Thus the map f will be controlled. Now, we should
assume additionally that f is a coarse embedding, i.e. there is a proper non-decreasing function
ρ : N → R such that for all m and x, y ∈ Xm we have

∥∥f(x)− f(y)
∥∥ ≥ ρ(d(x, y)).

The embedding f will give rise to a function ρ as follows: the vx,y ∈ Rm give a function
R[E(X)] → Rm. This function takes integer values on cycles. So after composing with the projec-
tion Zm → (Z/2Z)m we get a map ρ : Z(X) → (Z/2Z)m. Now the most demanding assumption we
will make of our random model is that it produces ρ-expanders with high probability. This ensures
that the ρ-cover (X̃m) cannot be embedded into a Hilbert space.

Now we explain how, for any p > 2, the ρ-cover (X̃m) can be embedded into an ℓp-space. For
this we note that the ℓp-norm of a normally distributed variable in m dimensions is approximately

cm = m
1
p−

1
2 . In fact, a careful analysis shows that this norm is with high probability within a

constant factor of cm. Now consider the torus (R/2Z)m (note the extra factor 2). We give this the
metric coming from the ℓp-norm, scaled by cm. We can imagine Xm sitting inside the image of
[0, 1]m inside this torus. Now we can embed X̃m into this torus by sending (x, s) to x+s. Assuming
a suitable model of Xm, this will be a coarse embedding with high probability. Finally the torus
can be coarsely embedded into an ℓp-space of dimension 2m.
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8 Random graph embeddings

Chapter summary

We introduce a model for random regular graphs G together with a function from the vertex
set to a manifold M . We study the asymptotic behaviour of random graphs embedded in Rm

as m → ∞, and their local asymptotic behaviour in particular.

8.1 Introduction and main results

Let d ≥ 3 be a fixed integer. Let M be either a compact Riemannian manifold or a Riemannian
manifold with a basepoint. In this chapter we will consider a novel way to construct random d-
regular graphs embedded in the manifold M . We will then specialise to the case M = Rm, which is
the only non-trivial case where we have any idea what happens. We will consider d-regular graphs
on n vertices, and we will always assume that dn is even.

Let m be the dimension of M and let d be the metric on M . In this chapter we will consider
varying graphs on a fixed vertex sets X = {1, 2, . . . , n}. The graphs will be denoted by G = (X,E)
where E is the set of edges. For integers n we consider the space GraphFunctions(n,M), whose
elements consist of a connected d-regular graph G = (X,E) on X = {1, 2, . . . , n} together with
a function γ : X → M . If M has a basepoint we also require that γ(1) is that basepoint. The
space GraphFunctions(n,M) is a manifold, isomorphic to a union of copies of Mn (if there is no
base-point) or Mn−1 (if there is a base-point). For any element (G, γ) ∈ GraphFunctions(n,M) we
define the energy

E(G, γ) =
∑

(x,y)∈E

d(γ(x), γ(y))2.

Then we define the intensity of this embedding to be

φ0(G, γ) = exp(−mE(G, γ)).

For a large class of manifolds the integral
∫
(G,γ)∈GraphFunctions(n,M)

φ0(G, γ) converges, so we can

define

φ(G, γ) =
φ0(G, γ)∫

(G,γ)∈GraphFunctions(n,M)
φ0(G, γ)

.

Define also φ0(G) =
∫
γ
φ0(G, γ) and φ(G) =

∫
γ
φ(G, γ).

Now φ defines a probability distribution on GraphFunctions(n,M). We shall call a random
variable in GraphFunctions(n,M) chosen according to this probability distribution a random graph
embedded in M . From now on we will always take M = Rm for some m. We will consider
the asymptotic behaviour of an sequence Gm of d-regular graphs on n(m) vertices independently
randomly embedded in Rm, as m→ ∞. It turns out that the local asymptotic behaviour of such a
sequence depends on the growth rate of n as a function of m.

8.1.1 Embeddings in Rm

Consider the manifoldM = Rm with base-point zero. For a d-regular graphG on n vertices, let T (G)
be the number of spanning trees of G. Then we have φ(G,Rm) ∼ T (G)−

m
2 , i.e. there is a constant

C, which may depend on d, m and n but not on the graph G, such that φ(G,Rm) = CT (G)
m
2 (see

Proposition 8.2.1).
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The number of spanning trees is not hard to determine algorithmically. However, to generate a
random graph embedded in Rm in practice, one needs to list all d-regular graphs first and compute
their number of spanning trees, which is infeasible. We do not know of a practical way to generate a
random graph embedded in Rm. However, once the graph G is known, it is not difficult to generate
a random embedding of it in Rm (see Proposition 8.2.3).

8.1.2 Local ensembles

Let (Gm) be a sequence of graphs. To study the local behaviour of (Gm) we introduce the following
notation. We use the shortest path metric on the vertices of the graphs. Also, for a vertex x and an
edge e, the distance between x and e is the shortest distance between x and one of the endpoints
of e. We denote by BR(x) (resp. BR(e)) the induced subgraph on all vertices of distance at most
R from x (resp. e).

Definition 8.1.1. For an integer R ≥ 1, let LR be the set of isomorphism classes of graphs A with
a designated edge e∗ satisfying the following conditions:

(i) All vertices of A are at distance at most R from e∗.

(ii) The degree of all vertices is at most d.

(iii) For all vertices of A with a distance smaller than R from e∗ the degree is exactly d.

(iv) There is a vertex with degree smaller than d.

These are exactly the graphs that can occur as an R-ball around an edge in a d-regular graph
with diameter larger than 2R. Let P(LR) denote the set of probability distribution on LR.

Definition 8.1.2. Let G be a finite d-regular graph with a diameter larger than 2R. For any edge
e of G we have (BR(e), e) ∈ LR. Picking e uniformly at random gives a probability distribution
ρR(G) ∈ P(LR).

For R′ > R we have a restriction map from LR′ to LR. Let L be the set of all isomorphism
classes of infinite connected d-regular graphs with a designated edge. This is the direct limit of the
LR. Let P(L) be the direct limit of the P(LR), which is also a set of probability distributions on
L. An element of P(L) is called a local ensemble. For µ ∈ P(L) we denote by µR the projection to
P(LR).

For µR, µ
′
R and ε > 0 we write µR

ε∼ µ′
R if |µR(S) − µ′

R(S)| < ε for all subsets S ⊆ LR. The
following notion of local convergence was introduced in [4].

Definition 8.1.3. Let (Gm) be a sequence of d-regular graphs with number of vertices going to
infinity. Let µ be a local ensemble. We say that (Gm) converges locally to µ if for all ε > 0 and

R > 0 there is an N such that for n ≥ N the diameter of Gm is at least 2R and ρR(Gm)
ε∼ µR.

Not every probability distribution in P(L) is the local limit of some sequence of finite d-regular
graphs; those that are, are called sofic ensembles. We give some examples of sofic ensembles.

Examples 8.1.4. (i) There is a unique element (T, e∗) ∈ LR where T is a tree. The free ensemble
µfree is the limit of the delta distributions on P(LR) supported on these trees. It is the local
limit of any sequence of d-regular graphs with large girth.
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(ii) Let H be a finite graph where every vertex has degree d except for two vertices x0, x1 which
have degree d−1. Consider the graph G which consists of countably many copies of H indexed
by Z, where moreover the x1 in Hn is connected to the x0 in Hn+1. This is a d-regular graph.
We get a probability measure on LR by taking a uniformly at random one of the edges of H0

or the edge between H0 and H1, and considering its R-neighbourhood. The limit as R → ∞
is the linear ensemble λH . It is a sofic ensemble: let Gk be the quotient graph we get by
identifying Hn with Hn+k for all n. Then the Gk converge locally to λH . This construction
also works if all vertices of H have degree d except one which has degree d− 2.

We will try to describe the local behaviour of random graphs embedded in Rm, i.e. we will try
to determine which sofic ensembles can be limit points of sequences of random graphs embedded in
Rm. For this we need to describe the entropy of a local ensemble, as well as describe the number
of spanning trees of a graph in a local way.

Remark 8.1.5. Local ensembles may also be defined using finite graphs with a designated vertex,
instead of a designated edge. It is not difficult to go from one description to another, especially
when working with regular graphs.

8.1.3 Entropy of a local ensemble

A probability distribution µR ∈ P(LR) is called sofic if for each ε > 0 there is a d-regular graph

G with diameter at least 2R such that ρR(G)
ε∼ µR. For such a probability distribution we try to

define an entropy which describes how many graphs G on n vertices approximate µR locally. The
idea is similar to the entropy described in [6], but there only (not necessarily regular) trees are
considered, whereas we consider ensembles which may contain cycles.

Definition 8.1.6. Let µR ∈ P(LR) be a sofic probability distribution. We say that µR has

entropy h(µR) if, for each ε > 0, the number of d-regular graphs on n vertices with ρR(G)
ε∼ µR is

exp((h(µR) + o(1))n log(n)).

It remains unclear whether the entropy always exists. However, we can prove this under an
assumption regarding combinatorial cost. Recall the definitions about cycle spaces ZR(G) and the
combinatorial cost c(G) from Definitions 3.1.1 and 3.1.3. In [13, Proposition 2.3] it is shown that,
for a d-regular graph sequence Gm, the combinatorial cost can be bounded from below by the limit

of d
2 − dimZR(Gm)

|V (Gm)| . Moreover they ask the following question:

Question 8.1.7 (from [13], Question 2.5, adapted to regular graphs). Is it true that for all d-regular
graph sequences Gm we have

c((Gm)) = inf
R

lim inf
m

d

2
− dimZR(Gm)

|V (Gm)|
?

Under the assumption that the answer to this Question is positive, we can prove the existence
of entropy.

Theorem 8.A. Suppose the answer to Question 8.1.7 is positive. Let µR ∈ P(LR) be a sofic
probability distribution. There exists 1 ≤ h(µR) ≤ d

2 , called the entropy of µR, such that for each

ε > 0, the number of d-regular graphs on n vertices with ρR(G)
ε∼ µR is exp((h(µR)+o(1))n log(n)).
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The implied constant in the o(1) notation depends on ε and n and goes to zero as n → ∞
and then ε → 0. For a sofic ensemble µ, note that h(µR′) ≤ h(µR) for all R′ > R; after all, any

graph G for which ρR′(G)
ε∼ µR′ also satisfies ρR(G)

ε∼ µR. The entropy of µ is then defined as
h(µ) = infR h(µR). We do not have a good way to compute h(µR), but for h(µ) we have a good
upper bound. For a finite connected graph A, and an ordering ⪯ on A, the minimum spanning tree
MST(A,⪯) on A is the tree generated by Kruskal’s algorithm (see [29]): starting from the empty
graph on the vertex set of A, at each step the least vertex is added that does not create a cycle,
ending up with a spanning tree for A. Taking ⪯ uniformly at random from all possible orderings
we get the random minimum spanning tree RMST(A) (see e.g. [35] for more information).

Theorem 8.B. Let µ be a sofic ensemble with an entropy. Let R > 0 and let (A, e∗) be a random
element of LR with probability distribution µR. Let RMST(A) be a random minimum spanning
tree on A. Then

h(µ) ≤ d

2
PµR

(e∗ ∈ RMST(A)).

We will see in several examples that equality holds when we take the infimum over all R. In
fact, we have no counterexamples to this. Furthermore, in all examples we know, the right-hand
side also equals the average resistance distance of an edge (which can be defined in a similar way,
using a uniformly random spanning tree instead of a random minimal spanning tree).

Examples 8.1.8. (i) The free local ensemble µfree has entropy equal to d
2 . Indeed, almost

all d-regular graphs on n vertices have very few small cycles, and thus the local ensemble
approximates the free one. For all R we also have d

2Pµfree,R
(e∗ ∈ RMST(A)) = d

2

(ii) Consider a linear ensemble λH . From Proposition 8.3.1 we see that h(λH) ≥ 1. Construct G
as in Example 8.1.4(ii). Let R be larger then the diameter of H. Pick e uniformly as one of the
edges ofH0 or the edge betweenH0 andH1. Then (BR(e), e) is a random element of LR chosen
according to λH . If e is the edge betweenH0 andH1 then it is certainly in any spanning tree of
BR(e). Any spanning tree of BR(e) is in particular a spanning tree of H0, and then it contains

|V (H0)| − 1 of its edges. Thus the probability that e is in this spanning tree is |V (H0)|
|E(H0)+1| =

2
d .

We find that PλH,R
(e∗ ∈ RMST(A)) = 2

d . So h(λH) = d
2PλH,R

(e∗ ∈ RMST(A)) = 1.

8.1.4 Spanning trees

Let G be a connected d-regular graph. For every vertex x and positive integer k, denote by pk(x)
the probability that a random walk starting at x is at x after k steps. An important ingredient in
describing the local behaviour of the random graphs embedded in Rm is the following Proposition
by Lyons (see [34]).

Proposition 8.1.9 ([34], Proposition 3.1). Let G be a finite connected d-regular graph with n
vertices and number of spanning trees T (G). Then

log(T (G)) = − log(|E(G)|) + n log(d)−
∞∑
k=1

1

k

 ∑
x∈V (G)

pk(x)− 1

 .
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For a connected d-regular graph G on n vertices and x ∈ V (G) we use the notation

τ(x) = log(d)−
∞∑
k=1

1

k

(
pk(x)−

1

n

)
.

For an infinite connected d-regular graph G and x ∈ V (G) we also define

τ(x) = log(d)−
∞∑
k=1

1

k
pk(x).

Let (A, e∗) ∈ LR. Consider a random walk starting at a random endpoint of e∗, which has a

probability of 1− deg(y)
d to stop each time it visits a vertex y. Denote by pk(A, e∗) the probability

that this random walk goes on for at least k steps and is at its starting vertex after k steps. For
µR ∈ P(LR) we define

τ(µR) = EµR

log(d)−
∞∑
k=1

1

k
pk(A, e∗)

 .

For a local ensemble µ, note that τ(µR′) ≥ τ(µR) for R′ > R. We let τ(µ) = supR τ(µR). Then

we can prove that if Gm converges locally to µ, then lim log T (Gm)
|V (Gm)| = τ(µ) (see Proposition 8.5.1).

Also, τ takes finite values (see [34, Corollary 3.9]).

Examples 8.1.10. (i) For the free ensemble µfree we have

τ(µfree) = (d− 1) log(d− 1)− (
d

2
− 1) log(d(d− 2)),

see [34, Example 3.16].

(ii) For a linear ensemble λH it is easier to compute τ(λH) by computing the number of spanning
trees of the graphs Gm as defined in Example 8.1.4, and using Proposition 8.5.1. We get

T (Gm) ∼ T (H)m and thus τ(λH) = log T (H)
|V (H)| .

8.1.5 Local description of random graphs embedded in Rm

Let (Gm) be a sequence of d-regular random graphs embedded in Rm with n(m) vertices. We
will study the aymptotic local behaviour of the sequence (Gm), under the assumption that every
sofic ensemble has an entropy. It turns out that it depends on the growth of n. Assume that

c = limm
log(n)

m exists.

Definition 8.1.11. A sofic ensemble µ is called c-optimal if it attains the infimum

τ(µ)− c · h(µ) = inf{τ(µ′)− c · h(µ′) | µ′ sofic ensemble}.

By compactness, a c-optimal local ensemble exists for every c.

Theorem 8.C. Suppose that every sofic ensemble has an entropy. Let (Gm) be a sequence of
random graphs with n vertices embedded in Rm, where n = n(m) satisfies limm→∞ log(n)/m = c.
Then almost surely every local limit point of the sequence (Gm) is c-optimal.
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For large c the only c-optimal ensemble is the free one (see Proposition 8.5.2). Thus if n
increases fast enough in m, we see that the sequence of graphs Gm will almost surely have large
girth. For c = 0 the entropy is not relevant and the 0-local ensemble is µmin, the sofic ensemble
which minimises τ(µmin).

We did not find out what the c-optimal sofic ensembles are for all d and all c. However we put
forth some conjectures.

Conjectures 8.1.12. (i) For d = 3, let H be the simple graph on 4 vertices with 5 edges. The
minimal sofic ensemble is λH .

(ii) In general the minimal sofic ensemble is always a linear one.

(iii) There is a critical value ccrit > 0, such that for all c < ccrit the only c-optimal ensemble is
µmin and for c > ccrit the only c-optimal ensemble is cfree.

If the second conjecture is true, then to find the minimal ensemble we need to minimise T (H)
|V (H)|

over d-regular graphs from which a vertex has been removed. See [1] for more information.
If the last conjecture is true then we can almost completely describes the local behaviour of the

graphs Gm (except when c = ccrit). The idea is that, if the free ensemble is not the c-optimal one,
it is beneficial to add edges to the local graphs, because they reduce the number of spanning trees
more then they reduce the entropy. But then each new edge we add reduces the number of spanning
trees by more then it reduces the entropy, thus we want to keep adding edges until we have the
minimal number of spanning trees. It is however not easy to make these statements precise, let
alone prove them. It might be possible to prove the last conjecture using Theorem 8.B, in such a
way that it is not even necessary to prove the existence of entropy in general, thus avoiding the
need to answer Question 8.1.7.

8.2 Embeddings in Rm

Now we will consider the manifolds Rm with base-point zero. For these manifolds, we can compute
φ0(G,Rm) in terms of the number T (G) of spanning trees of G.

Proposition 8.2.1. Let G be a graph on X. Then

φ(G,R) ∼ T (G)−
1
2 .

It follows that
φ(G,Rm) ∼ T (G)−

m
2 .

Proof. Pick a direction for each edge of G. Let T be the set of edges of a spanning tree of G and
let B = E \ T . Then we consider the following pairing between B and T : for b ∈ B, consider the
unique path in T from the source of b to the range of b. Then put ⟨b, t⟩ = 1 if the path goes through
t in the positive direction and −1 if the path goes through t in the negative direction. Otherwise,
put ⟨b, t⟩ = 0. Let C be the (n− 1)× (dn/2− n+ 1)-matrix corresponding to this pairing.

There is a one-to-one correspondence between functions γ : X → R with γ(1) = 0 and functions
with the same name γ : C[E] → R with γ(c) = 0 for every cycle c. This correspondence is given
by γ(e) = γ(y) − γ(x) for every edge e = (x, y) ∈ E. Next, every γ : C[E] → R that is zero on all
cycles is determined by its values on T . For b ∈ B we have γ(b) =

∑
t∈T ⟨b, t⟩γ(t).
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So

φ0(G, γ) = exp

−
∑
t∈T

γ(t)2 +
∑
b∈B

∑
t∈T

⟨b, t⟩γ(t)

2
 = exp

−
∑

t,t′∈T

(I + CCT )tt′γ(t)γ(t
′)

 .

Now let Q be an upper triangular (n − 1) × (n − 1)-matrix with ones on the diagonal such that
QT (1 + CCT )Q = D is a diagonal matrix. Then

φ0(G) =

∫
γ

exp

−
∑

t,t′∈T

(Q−TDQ−1)tt′γ(t)γ(t
′)

 .

By a linear change of variables, this is equal to∫
γ

exp

(
−
∑
t

Dttγ(t)
2

)
=

√
πn−1

det(D)
=

√
πn−1

det(1 + CCT )
=

√
πn−1

det(1 + CTC)
.

By [3, Theorem 5.7] we know that det(1 + CTC) equals the number of spanning trees in G, so it

follows that φ(G,R) ∼ T (G)−
1
2 .

Now we consider the case thatM = Rm for some m, with basepoint 0. Any function γ : X →M
can then be written γ = (γ1, . . . , γn) with each γi : X → R. We have

φ0(G, γ) =
∏

(x,y)∈E

exp(−m
∥∥γ(x), γ(y)∥∥2) = m∏

i=1

∏
(x,y)∈E

exp(−m|γi(x)− γi(y)|2).

So we see that for any graph G on X, we have

φ0(G,Rm) =

∫
γ : X→R,γ(1)=0

∏
(x,y)∈E

exp(−m|γ(x)− γ(y)|2)

m

=

m−n/2

∫
γ : X→R,γ(1)=0

∏
(x,y)∈E

exp(−|γ(x)− γ(y)|2)

m

= m−n/2φ0(G,R)m,

using the substitution γ → m−1/2γ. So φ(G,Rm) ∼ T (G)−
m
2 .

Remark 8.2.2. By Kirchoff’s matrix tree theorem, this is also proportional to the product of the
positive eigenvalues of the Laplacian operator ∆G.

The asymptotic distribution of the number of spanning trees in a uniformly random regular
graph is computed in [18]. However, since the random graphs embedded in Rm according to our
model are heavily weighted towards having fewer spanning trees, this does not give us enough
information.

Now we consider how to construct a random function γ : X → R according to φ, when the
graph G = (X,E) is already given. Let ∇ : C[X] → C[E] denote the function ∇(f)((x, y)) =
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f(y)− f(x) for f ∈ C[X] and (x, y) ∈ E. Let ∇ : C[E] → C[X] also denote the function ∇(g)(x) =∑
(y,x)∈E g((y, x)) for g ∈ C[E] and x ∈ X. These are adjoint in the sense that ⟨∇f, g⟩ = ⟨f,∇g⟩

using the standard inner products on C[X] and C[E]. We also have ∆G = ∇2 : C[X] → C[X]. Since
G is assumed to be a connected graph, we know that the kernel of ∆G consists of the constant
functions on X. We denote by ∆−1

G the pseudo-inverse of ∆G. Define p : C[E] → C[E] by p =
∇∆−1

G ∇. It is then easy to check that p is the projection on C(G)⊥, where C(G) = ker(∇) ⊆ C[E]
denotes the cycle space. Define the bilinear form V on C[E] by V (g, h) = ⟨pg, h⟩.

Proposition 8.2.3. The following give the same probability distribution on the space of functions
γ : X → R with γ(1) = 0.

(i) Take each γ : X → R with γ(1) = 0 with probability proportional to

φ0(G, γ) =
∏

(x,y)∈E

exp(−m|γ(x)− γ(y)|2).

(ii) Generate a random γ : E → R by drawing each γ(e) independently from the normal distribution
with variation 1

2m . Condition on the condition γ(c) = 0 for each cycle. Then define γ : X → R
by picking for each x ∈ X a path e1, . . . , ek from 1 to x and putting γ(x) = γ(e1)+ . . .+γ(ek).

(iii) Generate a random function γ : E → R from the joint normal distribution using the variance
matrix 1

2mV . Then define γ : X → R by picking for each x ∈ X a path e1, . . . , ek from 1 to x
and putting γ(x) = γ(e1) + . . .+ γ(ek).

Proof. Consider the second way to generate γ. The intensity of any function γ : E → R that is zero
on cycles is equal to

∏
e∈E exp(−m|γ(e)|2). So we get the same distribution as in (i).

Now consider the third way to generate γ. We have C[E] = C(G) ⊕ C(G)⊥, and for c ∈ C(G)
and g ∈ C[E] we have V (c, g) = 0, while for g, h ∈ C(G)⊥ we have V (g, h) = ⟨g, h⟩. So any γ
that we generate with the joint normal distribution is zero on all cycles, and for any γ : X → R
that is zero on the cycles, the intensity is proportional to exp(−mV −1(γ, γ)) = exp(−m⟨γ, γ⟩) =∏

e∈E exp(−m|γ(e)|2).

From this we can find the distribution of the distance between two fixed points in the graph.

Proposition 8.2.4. Let G be a graph and let γ : X → Rm be a random embedding. Let x, y ∈ X.

Then d(γ(x), γ(y)) is distributed as
√

1
2m ⟨∆−1

G (x− y), x− y⟩χm where χm is chi-distributed with

m degrees of freedom.

Proof. Consider the first coordinate γ1. It is distributed as in Proposition 8.2.3. Let e1, . . . , ek be
a path from x to y in the graph. Then we have γ1(y)− γ1(x) = γ1(e1 + . . .+ ek). So γ1(y)− γ1(x)
is normally distributed with variance

1

2m
V (e1+. . .+ek, e1+. . .+ek) =

1

2m
⟨∇∆−1

G ∇(e1+. . .+ek), e1+. . .+ek⟩ =
1

2m
⟨∆−1

G (y−x), y−x⟩.

The same analysis holds for the other coordinates, and the coordinates are independent. So d(γ(x)−
γ(y)) =

(∑m
i=1 |γi(x)− γi(y)|2

) 1
2 is distributed as

√
1

2m ⟨∆−1
G (x− y), x− y⟩χm.
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8.3 Proof of Theorem 8.A

We will prove that h(µR) can be computed from the maximal dimension of the small cycle spaces
of graphs that locally approximate h(µR), assuming a positive answer to Question 8.1.7. First we
show two propositions, to give a lower bound and an upper bound.

Proposition 8.3.1. Let H be a graph on k vertices satisfying dimZ2dR(H) = αk. For large n, the
number of graphs G on a set of n vertices satisfying ρR(G) = ρR(H) is at least exp((d2 −α)n log n+
O(n)).

Proof. Let R′ = 2dR. For a subset E′ ⊆ E(H) let H \ E′ denote the graph on the same vertex set
as H and with edge set E(H) \ E′. Let a = αk and choose recursively e1, . . . , ea such that ej+1 is
an edge in a cycle in ZR′(H)∩Z(H \ {e1, . . . , ej}). Then dimZR′(H)∩Z(H \ {e1, . . . , ej}) = a− j.
Let ea+1, . . . , e|E(H)| be the other edges of H.

We can assume that n is a multiple of k. Let X be the vertex set of H. We will create graphs
G on the vertex set X × {1, . . . , n/k}. For each edge (x, y) of H we will choose a permutation
σx,y of {1, . . . , n/k}, satisfying σx,y = σ−1

y,x. Then in G we will connect (x, i) to (y, σx,yi) for all
i ∈ {1, . . . , n/k}.

We will determine the σej backwards. For j > a we can choose them in any way. Then for
j ≤ a, there is a cycle in ZR′(H) ∩ Z(H \ {e1, . . . , ej−1}) containing ej . Let σej be the product of
the permutations corresponding to the other edges in this cycle. Then for any cycle ej1 , ej2 , . . . , ejs
in ZR(H) we then get σej1 ◦ σej2 ◦ · · · ◦ σejs = 1. The σej does not depend on the specific cycle we
choose.

Now we have a graph morphism G → H sending the vertex (x, i) to x. Moreover all cycles
in H that are visible in the R-neighbourhood around an edge have length at most R′, so they
lift to a cycle in G. So the R-neighbourhood of an edge ((x, i), (y, σx,yi)) in G is isomorphic to
the R-neighbourhood of the edge (x, y) in H. So ρR(G) = ρR(H). We could choose the σej for
j > a in any way, and each different way will give a different graph on X × {1, . . . , n/k}. Thus

there are at least
(
(n/k)!

)|E(H)|−a
= exp((d2 − α)k log((n/k)!)) possible graphs G. Using Stirling’s

approximation this is exp((d2 − α)n log(n) +O(n)).

Proposition 8.3.2. Suppose the answer to Question 8.1.7 is positive. Let α > 0 and let R be a
positive integer. There are at most exp((d2 −α+o(1))n log n) d-regular graphs G on X = {1, . . . , n}
satisfying dimZR(G) ≥ αn.

Proof. Let ε > 0. Consider the sequence containing all possible d-regular graphs G satisfying
dimZR(G) ≥ α|V (G)| up to isomorphism. Our assumption entails that the combinatorial cost of
this sequence is d

2 − α. So there is a graph sequence which induces the same coarse structure, for

which every graph has at most d
2 −α+ε as many edges as vertices. Then there is a constant L such

that for every d-regular graph G on X = {1, . . . , n} with dimZR(G) ≥ αn there is a graph H on
the same set of vertices, such that for all x, y ∈ V (G) we have 1

LdG(x, y) ≤ dH(x, y) ≤ LdG(x, y),

and |E(H)| ≤ (d2 − α+ ε)n.

There are exp((d2 − α + ε)n log n + O(n)) graphs H on X satisfying |E(H)| ≤ (d2 − α + ε)n.
We claim that for any such H there are only exponentially many d-regular graphs G satisfying
1
LdG(x, y) ≤ dH(x, y) ≤ LdG(x, y) for all x, y ∈ X. First of all note that if at least one such G
exists, then every vertex has at most dL neighbours in H. Now if (x, y) is an edge in G, then the

distance in H between them is at most L, so if x is fixed then there are at most dL
2

possibilities
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for y. Since every vertex will have d edges the total number of possible graphs G is at most dL
2dn

which is only exponential in n.
Thus the number of d-regular graphs on X satisfying dimZR(G) ≥ αn is at most exp((d2 − α+

ε)n log n+O(n)). Since this holds for all ε > 0 it is also at most exp((d2 − α+ o(1))n log n).

Now we can prove Theorem 8.A.

Proof of Theorem 8.A. Let αε be the infimum of
dimZ2dR (H)

|V (H)| , where H ranges over all graphs with

ρR(H)
ε∼ µR. By Proposition 8.3.1, the number of d-regular graphs G on n vertices satisfying

ρR(G)
ε∼ µR is at least exp((d2 − αε + o(1))n log n). For all such graphs we have dimZ2dR(G) ≥

αε|V (G)|, so by Proposition 8.3.2 they also number at most exp((d2 − αε + o(1))n log n). So their

number is exp((d2 − αε + o(1))n log n), and letting ε→ 0 we find h(µR) =
d
2 − supε αε.

8.4 Proof of Theorem 8.B

Now we give the proof of Theorem 8.B, which we restate for convenience. The idea of the proof is
to order the edges of G randomly and to draw them one by one. The edges that are contained in a
small cycle with preceding edges can then only be drawn in one way. Of course the problem with
this idea is that the edges of G can not be ordered if G is not already defined, so to get around
this we order them based on some neighbourhood. To make this possible we introduce decorated
neighbourhoods to make sure that edges that are close together will have a different neighbourhood.

Theorem 8.B. Let µ be a sofic ensemble with an entropy. Let R > 0 and let (A, e∗) be a random
element of LR with probability distribution µR. Let RMST(A) be a random minimum spanning
tree on A. Then

h(µ) ≤ d

2
PµR

(e∗ ∈ RMST(A)).

Proof. Let k = d2R+1. The set of decorated local graphs DL2R consists of all elements (A, e∗) ∈ L2R

together with an injective function from A to {1, . . . , k}. Similarly DLR consists of elements (A, e∗)
with an injective function from A to {1, . . . , k}. For a finite graph G, a function χ from the edge set
E to {1, . . . , k} is called suitable if no two edges within distance 2R have the same colour. Every
d-regular graph has a suitable colouring, since for every edge there are less then k other edges
within a distance of 2R. For a graph G with suitable colouring χ we let ρ′2R(G,χ) ∈ P(DL2R)
be the corresponding decorated local ensemble: it is the probability measure on DL2R we get from
choosing a random edge in G and considering its 2R-neighbourhood. We also have a projection
p : P(DL2R) → P(L2R) that simply forgets about the colouring. We have p(ρ′2R(G,χ)) = ρ2R(G).

We will estimate the number of d-regular graphs G on n vertices for which ρ2R(G)
ε∼ µ2R. Since

the preimage p−1(µ2R) ⊆ P(DL2R) can be covered by finitely many balls or radius ε, and every
d-regular graph has a suitable colouring, it is enough to fix µ′

2R ∈ p−1(µ2R) and bound the number

of graphs G with a suitable colouring χ for which ρ2R(G,χ)
2ε∼ µ′

2R.
Let ⪯ be a uniformly random total ordering of the finite set DLR. Let (A, e∗, χ) ∈ DL2R. Then

for all e ∈ BR(e∗), the R-ball around e is an element of DLR. They are all different since they
have a different colour. Thus the edges in an R-neighbourhood of e∗ are ordered according to ⪯.
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This is a uniformly random ordering. Let MST(⪯) be the corresponding minimum spanning tree
of BR(e∗). Then for fixed (A, e∗, χ) we have

P[e∗ ∈ MST(⪯)] = P[e∗ ∈ RMST(BR(e∗))].

The left-hand side depends on (A, e∗, χ) but the right-hand side only depends on (BR(e∗), e∗) ∈ LR.
Taking a random element of DL2R according to µ′

2R we get

Pµ′
2R
[e∗ ∈ MST(⪯)] = PµR

(e∗ ∈ RMST(A)).

Therefore we can fix an ordering ⪯0 of DLR for which

Pµ′
2R
[e∗ ∈ MST(⪯0)] ≤ PµR

(e∗ ∈ RMST(A)).

Let F ⊆ DL2R be the set of (A, e∗, χ) for which e∗ ∈ MST(⪯0).
Now we will estimate the number of graphs G on X = {1, . . . , n} with a suitable colouring χ

for which ρ′2R(G,χ)
2ε∼ µ′

2R. We can assume that the number of edges e for which (B2R, e, χ) ∈ F
is f , where f ≤ (PµR

(e∗ ∈ RMST(A)) + 2ε)dn2 . For each x ∈ X we can decide the decorated 2R-
neighbourhoods of the edges adjacent to x. The number of ways to do this grows only exponentially
in n. Then we can draw all the edges whose decorated 2R-neighbourhoods are in F . There are
at most exp(f log(n)) ways to do that. Once we have done that, there can be at most one way
to construct G: to see this we construct the edges in the order ⪯0 based on their decorated R-
neighbourhood. For each vertex x we already decided what the 2R-neighbourhoods of all of its
edges look like. When an edge gets added whose decorated 2R-neighbourhood is not in F , then
it is contained in a cycle contained in its R-neighbourhood with other edges which were already
decided before it. Thus in this case this new edge is also already decided.

This shows that the number of graphs G with a suitable colouring χ for which ρ′2R(G,χ)
2ε∼ µ′

2R

is at most exp((PµR
(e∗ ∈ RMST) + 2ε)dn2 log(n) + O(n)). In particular, the number of graphs G

for which ρ2R(G)
ε∼ µ2R is also at most exp((PµR

(e∗ ∈ RMST) + 2ε)dn2 log(n) +O(n)). Therefore

h(µ) ≤ h(µ2R) ≤
d

2
PµR

(e∗ ∈ RMST(A)).

8.5 Local description of random graphs embedded in Rm

In this section we will prove Theorem 8.C. We will also determine the local behaviour of random
graphs Gm with n vertices embedded in Rm when c = lim logn

m is large.
First we need this proposition.

Proposition 8.5.1. Let Gm be a sequence locally converging to a sofic ensemble µ. Then

lim
m→∞

log T (Gm)

|V (Gm)|
= τ(µ).

Proof. This can be proved in essentially the same way as [34, Theorem 3.3].

Now we can prove the Theorem.
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Theorem 8.C. Suppose that every sofic ensemble has an entropy. Let (Gm) be a sequence of
random graphs with n vertices embedded in Rm, where n = n(m) satisfies limm→∞ log(n)/m = c.
Then almost surely every local limit point of the sequence (Gm) is c-optimal.

Proof. Let µ0 be a c-optimal sofic ensemble. Let ε > 0. From Proposition 8.5.1 it follows that there
is an integer R such that for any d-regular graph G on n vertices, for n large enough, we have∣∣∣∣ log T (G)n

− τ(ρR(G))

∣∣∣∣ < ε.

By continuity there is ε′ > 0 such that if µ, µ′ ∈ P(LR) are ε′-close, then |τ(µ) − τ(µ′)| < ε.
Then by compactness there are sofic ensembles µ1, µ2, . . . , µN ∈ P(LR) such that for 1 ≤ k ≤ N
we have τ(µk) − c · h(µk) ≥ τ(ρ0) − c · h(ρ0) + 8ε, and for every sofic ensemble µ ∈ P(LR) with
τ(µ)− c · h(µ) ≥ τ(ρ0)− c · h(ρ0) + 8ε there is a 1 ≤ k ≤ N such that µ is ε′-close to µk.

Let m be large enough that every d-regular graph on n vertices has diameter larger than R.
Now we estimate the probability that ρR(Gm) is ε′-close to µk. The number of graphs G for which
ρR(G) is ε′-close to µk is most exp((h(µk) + o(1))n log(n)) ≤ exp(mn(c · h(µk) + ε)) if m is large
enough. For such a graph G we have

T (G)−m = exp(−m log T (G)) ≤ exp
(
mn(−τ(ρR(G) + ε)

)
≤ exp

(
mn(−τ(µk) + 2ε)

)
.

Hence ∑
G with ρR(G)

ε′∼µk

T (G)−m ≤ exp
(
mn

(
c · h(µk)− τ(µk) + 3ε

))
≤ exp

(
mn

(
c · h(µ0)− τ(µ0)− 5ε

))
.

Now we compare this with the contribution of graphs G for which ρR(G) is ε′-close to µ0,R.
The number of such graphs is at least exp

(
(h(µ0,R) + o(1))n log(n)

)
≥ exp

(
mn(c · h(µ0)− ε)

)
for

large m. For such a graph G we have

T (G)−m ≥ exp
(
mn(τ(ρR(G))− ε)

)
≥ exp

(
mn(τ(µ0,R)− 2ε)

)
≥ exp(mn(h(µ0)− 3ε)).

So ∑
G with ρR(G)

ε′∼µ0,R

T (G)−m ≥ exp
(
mn

(
c · h(µ0)− τ(µ0)− 4ε

))
.

Comparing these sums, we find that

P[ρR(Gm) is ε′-close to µk] ≤ exp(−εmn).

Since this decreases quickly as m → ∞, we can conclude that this almost surely does not happen
for infinitely many values of m, for any k. So for large values of m we have almost surely that
h(ρR(Gm)) − c · h(ρR(Gm)) ≤ h(ρ0) − c · h(ρ0) + 8ε. Since the same inequality holds almost
surely for arbitrarily large R, we get that almost surely every local limit point µ of (Gm) satisfies
τ(µ) − c · h(µ) < τ(µ0) − c · h(µ0) + 8ε. Since this holds for any ε > 0, we conclude that almost
surely all local limit points of (Gm) are c-optimal.

Finally we consider what happens for large c.
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Proposition 8.5.2. For large enough c the only c-optimal ensemble is µfree.

Proof. For (A, e∗) ∈ LR and x one of the endpoints of e∗, consider the lazy random walk starting at

x, and at each step doing nothing with a probability of 1
2 , stopping with a probability of d−deg(y)

2d
when at vertex y and otherwise taking one of the edges at random. Let qk(x) be the probability
that this random walk takes at least k steps and is back at x after k steps. For any ensemble
µ we have τ(µ) = limR→∞ EµR

log(d) −
∑∞

k=1
1
kpk(x). By [34, Lemma 3.5], this is also equal to

limR→∞ EµR
log(d2 )−

∑∞
k=1

1
k qk(x).

Now let g < R and suppose that x is not contained in any cycle of length smaller than g.
We will estimate the sum

∑∞
k=g

1
k qk(x). For g ≤ k ≤ g4, if the lazy random walk is to end up

at x after k steps, then the last g − 1 steps do not contain any cycles. Thus qk(x) is at most
the return probability of a lazy random walk in a d-regular tree after g − 1 steps. This decreases
exponentially in g. For k > g4 we use the estimate qk(x) ≤ 4d√

k+1
from [34, Lemma 3.6]. We

get
∑∞

k=g4+1
1
k qk(x) ≤

∑∞
k=g4+1

4d
k
√
k+1

∼ g−2. Combining these estimates we see that there is a

constant a, independent of g, such that

∞∑
k=g

1

k
qk(x) ≤ ag−1.

Also, the first g− 1 terms
∑g

k=1
1
k qk(x) are the same in A as in a d-regular tree. Therefore, we see

that

τ(µ) ≥ τ(µfree)− sup
R

EµR
Ex vertex of e∗ [ag

−1 | g length of smallest cycle containing x],

where this last term is understood to be zero if x is not contained in any cycle.
Now let c > a and let µ be any sofic ensemble that is not free. For any graph A and any edge

e that is contained in a cycle of length g, the probability that e is in a random minimum spanning
tree of A is at most 1− g−1, since it is not in the minimum spanning tree if it has a larger weight
than all other edges in this cycle. Therefore we have by Theorem 8.B:

h(µ) ≤ inf
R

d

2
PµR

(e∗ ∈ RMST(A))

= inf
R

d

2
EµR

Ex vertex of e∗Ee random edge from xP(e ∈ RMST(A))

≤ d

2
inf
R

EµR
Ex vertex of e∗ [1−

2

d
g−1 | g length of smallest cycle containing x].

Combining this with the formula for τ(µ) derived above we find that

τ(µ)− c · h(µ) > τ(µfree)−
cd

2
= τ(µfree)− c · h(µfree).

So µ is not c-optimal.

Remark 8.5.3. This proposition does not rely on the answer to Question 8.1.7, since it just bounds
the entropy using Theorem 8.B.
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8.6 Further remarks and questions

While the subject of random graphs embedded in Rm seems very interesting, it is difficult to prove
results and many questions remain open. In addition to the conjectures in 8.1.12 we put some other
open questions in this section.

Entropy
The notion of entropy described in Section 8.1.3 is central to the discussion of the local behaviour of
the random graphs embedded in Rm. However, we were not able to prove the existence of entropy
in general.

Question 8.6.1. The existence of entropy for a sofic ensemble µ is only proven under the assump-
tion of a positive answer to Question 8.1.7. Can we prove it unconditionally?

If the entropy indeed always exists, we can find an upper bound of the entropy using Theorem
8.B. If we can show that equality is always attained it gives a nice way to compute the entropy of
a sofic ensemble.

Question 8.6.2. Does the formula

h(µ) =
d

2
inf
R

PµR
P(e∗ ∈ RMST(A))

hold for every sofic ensemble µ?

Other manifolds
We described only random graphs embedded in Rm. It would be interesting to consider other
manifolds, such as the torus Tm.

Question 8.6.3. Can we describe the local and global behaviour of random graphs embedded in the
torus Tm?
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